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Abstract In this chapter, dedicated to the 60th Anniversary of
Themistocles M. Rassias, Mo¨bius transformation and Einstein ve-
locity addition meet in the hyperbolic geometry of Bolyai and
Lobachevsky. It turns out that Mo¨bius addition that is extracted
from Mo¨bius transformation of the complex disc and Einstein ad-
dition from his special theory of relativity are isomorphic in the
sense of gyrovector spaces.
1. Introduction
Einstein addition law of relativistically admissible velocities is isomorphic to
Mo¨bius addition that is extracted from the common Mo¨bius transformation of the
complex open unit disc. Accordingly, both Einstein addition and Mo¨bius addition
in the open unit ball of the Euclidean n-space possess the structure of a gyrovector
space that forms a natural powerful generalization of the common vector space struc-
ture. Einstein and Mo¨bius gyrovector spaces continue to attract research interest
as novel algebraic settings for hyperbolic geometry, giving rise to the incorporation
of Cartesian coordinates and vector algebra into the study of the hyperbolic ge-
ometry of Bolyai and Lobachevsky [68, 73]. Outstanding novel results and elegant
compatibility with well-known results in hyperbolic geometry make the novel gy-
rovector space approach to analytic hyperbolic geometry [70] an obvious contender
for augmenting the traditional way of studying hyperbolic geometry synthetically.
Professor Themistocles M. Rassias’ special predilection and contribution to the
study of Mo¨bius transformations is revealed in his work in the areas of Mo¨bius
transformations, including [23, 24, 25, 26] and [56, 61, 62], along with essential
mathematical developments found, for instance, in [7, 12, 42, 45, 46, 47, 48]. The
latter contain essential research on geometric transformations including Mo¨bius
transformations.
The initial purpose of this article, dedicated to the 60th Anniversary of Themis-
tocles Rassias, is to extract Mo¨bius addition in the ball Rnc of the Euclidean n-space
Rn, n ∈ N, from the Mo¨bius transformation of the complex open unit disc, and to
demonstrate the hyperbolic geometric isomorphism between the resulting Mo¨bius
addition and the famous Einstein velocity addition of special relativity theory. We
will then see that
1
2(1) Mo¨bius addition in the ball Rnc forms the algebraic setting for the Cartesian-
Poincare´ ball model of hyperbolic geometry, and
(2) Einstein addition in the ball Rnc forms the algebraic setting for the Cartesian-
Beltrami-Klein ball model of hyperbolic geometry, just as the common
(3) vector addition in the space Rn forms the algebraic setting for the standard
Cartesian model of Euclidean geometry.
Remarkably, Items (1)–(3) enable Mo¨bius addition in Rnc , Einstein addition in R
n
c ,
and the standard vector addition in Rn to be studied comparatively, as in [72].
Counterintuitively, Einstein velocity addition law of relativistically admissible
velocities is neither commutative nor associative. The breakdown of commutativity
in Einstein addition seemed undesirable to E´mile Borel in 1909. According to the
historian of relativity physics Scott Walter, [77, Sec. 10], the famous mathematician
and a former doctoral student of Poincare´, E´mile Borel (1871-1956) was renowned
for his work on the theory of functions, in which a chair was created for him at
the Sorbonne in 1909. In the years following his appointment he took up the study
of relativity theory. Borel “fixed” the seemingly “defective” result that Einstein
velocity addition law is noncommutative. According to Walter, Borel’s version of
commutativized relativistic velocity addition involves a significant modification of
Einstein’s relativistic velocity composition law.
Contrasting Borel, in this article we commutativize the Einstein velocity addition
law by composing Einstein addition with an appropriate Thomas precession in a
natural way suggested by analogies with the classical parallelogram addition law
and supported experimentally by cosmological observations of stellar aberration.
Historically, the link between Einstein’s special theory of relativity and the non-
Euclidean style was developed during the period 1908-1912 by Varicˇak, Robb, Wil-
son and Lewis, and Borel [77]. The subsequent development that followed 1912
appeared about 80 years later, in 2001, as the renowned historian Scott Walter
describes in [78]:
Over the years, there have been a handful of attempts to promote
the non-Euclidean style for use in problem solving in relativity and
electrodynamics, the failure of which to attract any substantial fol-
lowing, compounded by the absence of any positive results must
give pause to anyone considering a similar undertaking. Until re-
cently, no one was in a position to offer an improvement on the tools
available since 1912. In his [2001] book, Ungar furnishes the cru-
cial missing element from the panoply of the non-Euclidean style:
an elegant nonassociative algebraic formalism that fully exploits
the structure of Einstein’s law of velocity composition. The for-
malism relies on what the author calls the “missing link” between
Einstein’s velocity addition formula and ordinary vector addition:
Thomas precession . . . Scott Walter, 2002 [78]
Indeed, the special relativistic effect known as Thomas precession is mathemati-
cally abstracted into an operator called a gyrator, denoted “gyr”. The latter, in turn,
justifies the prefix “gyro” that we extensively use in gyrolanguage, where we prefix a
3gyro to any term that describes a concept in Euclidean geometry and in associative
algebra to mean the analogous concept in hyperbolic geometry and in nonassocia-
tive algebra. Thus, for instance, Einstein’s velocity addition is neither commutative
nor associative, but it turns out to be both gyrocommutative and gyroassociative,
giving rise to the algebraic structures known as gyrogroups and gyrovector spaces.
Remarkably, the mere introduction of the gyrator turns Euclidean geometry, the ge-
ometry of classical mechanics, into hyperbolic geometry, the geometry of relativistic
mechanics.
The breakdown of commutativity in Einstein velocity addition law seemed un-
desirable to the famous mathematician E´mile Borel. Borel’s resulting attempt to
“repair” the seemingly “defective” Einstein velocity addition in the years following
1912 is described by Walter in [77, p. 117]. Here, however, we see that there is
no need to repair Einstein velocity addition law for being noncommutative since it
suggestively gives rise to the gyroparallelogram law of gyrovector addition, which
turns out to be commutative. The compatibility of the gyroparallelogram addition
law of Einsteinian velocities with cosmological observations of stellar aberration is
explained in [68, Chap. 13] and mentioned in [73, Sec. 10.2]. The extension of
the gyroparallelogram addition law of k = 2 summands in Rnc to a corresponding k-
dimensional gyroparallelepiped (gyroparallelotope) addition law of k > 2 summands
is presented in this article and, with proof, in [68, Theorem 10.6].
2. Mo¨bius Addition
The most general Mo¨bius transformation of the complex open unit disc
(1) D = {z ∈ C : |z| < 1}
in the complex plane C is given by the polar decomposition [1, 34],
(2) z 7→ eiθ
a+ z
1 + az
= eiθ(a⊕
M
z)
Mo¨bius addition ⊕
M
in the disc is extracted from (2), allowing the generic Mo¨bius
transformation of the disc to be viewed as a Mo¨bius left gyrotranslation
(3) z 7→ a⊕
M
z =
a+ z
1 + az
followed by a rotation. Here θ∈R is a real number, a, z ∈ D, a is the complex
conjugate of a, and ⊕
M
represents Mo¨bius addition in the disc.
Mo¨bius addition a⊕
M
z and subtraction a⊖
M
z = a⊕
M
(−z) are found useful in the
geometric viewpoint of complex analysis; see, for instance, [60, 64],[34, pp. 52–53,
56–57, 60], and the Schwarz-Pick Lemma in [21, Theorem 1.4, p. 64]. However,
prior to the appearance of [63] in 2001 these were not considered ‘addition’ and
‘subtraction’ since it has gone unnoticed that, being gyrocommutative and gyroas-
sociative, they share analogies with the common vector addition and subtraction,
as we will see in the sequel.
Mo¨bius addition ⊕
M
is neither commutative nor associative. The breakdown of
commutativity in Mo¨bius addition is ”repaired” by the introduction of a gyrator
(4) gyr : D×D→ Aut(D,⊕
M
)
4that generates gyroautomorphisms according to the equation
(5) gyr[a, b] =
a⊕
M
b
b⊕
M
a
=
1 + ab
1 + ab
∈ Aut(D,⊕
M
)
where Aut(D,⊕
M
) is the automorphism group of the Mo¨bius groupoid (D,⊕
M
).
Here a groupoid is a nonempty set with a binary operation, and an automorphism
of the groupoid (D,⊕
M
) is a bijective self-map f : D→ D of the set D that respects
its binary operation ⊕
M
, that is, f(a⊕
M
b) = f(a)⊕
M
f(b) for all a, b ∈ D. Being
gyrations, the automorphisms gyr[a, b] are also called gyroautomorphisms.
The inverse of the automorphism gyr[a, b] is clearly gyr[b, a],
(6) gyr−1[a, b] = gyr[b, a]
The gyration definition in (5) suggests the following gyrocommutative law of
Mo¨bius addition in the disc,
(7) a⊕
M
b = gyr[a, b](b⊕
M
a)
The resulting gyrocommutative law (7) is not terribly surprising since it is generated
by definition, but we are not finished.
Coincidentally, the gyroautomorphism gyr[a, b] that repairs in (7) the breakdown
of commutativity, repairs the breakdown of associativity in ⊕
M
as well, giving rise
to the following left and right gyroassociative law of Mo¨bius addition
a⊕
M
(b⊕
M
z) = (a⊕
M
b)⊕
M
gyr[a, b]z
(a⊕
M
b)⊕
M
z = a⊕
M
(b⊕
M
gyr[b, a]z)
(8)
for all a, b, z ∈ D. Moreover, Mo¨bius gyroautomorphisms possess their own rich
structure obeying, for instance, the two elegant identities
gyr[a⊕
M
b, b] = gyr[a, b]
gyr[a, b⊕
M
a] = gyr[a, b]
(9)
called the left and the right loop property.
In order to extend Mo¨bius addition from the disc to the ball, we identify complex
numbers of the complex plane C with vectors of the Euclidean plane R2 in the usual
way,
(10) C ∋ u = u1 + iu2 = (u1, u2) = u ∈ R
2
Then
(11)
u¯v + uv¯ = 2u·v
|u| = ‖u‖
give the inner product and the norm in R2, so that Mo¨bius addition in the disc D
of the complex plane C becomes Mo¨bius addition in the disc
(12) R2c=1 = {v∈R
2 : ‖v‖ < s = 1}
5of the Euclidean plane R2. Indeed,
D ∋ u⊕v :=
u+ v
1 + u¯v
=
(1 + uv¯)(u+ v)
(1 + u¯v)(1 + uv¯)
=
(1 + u¯v + uv¯ + |v|2)u + (1− |u|2)v
1 + u¯v + uv¯ + |u|2|v|2
=
(1 + 2u·v + ‖v‖2)u+ (1− ‖u‖2)v
1 + 2u·v + ‖u‖2‖v‖2
=: u⊕v ∈ R2c=1
(13)
for all u, v ∈ D and all u,v ∈ R2c=1. The last equation in (13) is a vector equation,
so that its restriction to the ball of the Euclidean two-dimensional space is a mere
artifact. Suggestively, we thus arrive at the following definition of Mo¨bius addition
in the ball of any real inner product space.
Definition 1. (Mo¨bius Addition in the Ball). Let V = (V,+, ·) be a real inner
product space with a binary operation + and a positive definite inner product · ([37,
p. 21]; following [33], also known as Euclidean space) and let Vs be the s-ball of V,
(14) Vs = {v ∈ V : ‖v‖ < s}
for any fixed s > 0. Mo¨bius addition ⊕
M
is a binary operation in Vs given by the
equation
(15) u⊕
M
v =
(1 + 2
s2
u·v + 1
s2
‖v‖2)u+ (1− 1
s2
‖u‖2)v
1 + 2
s2
u·v + 1
s4
‖u‖2‖v‖2
where · and ‖·‖ are the inner product and norm that the ball Vs inherits from its
space V.
In the limit of large s, s → ∞, the ball Vs in Def. 1 expands to the whole
of its space V, and Mo¨bius addition in Vs reduces to the vector addition, +, in
V. Accordingly, the right hand side of (15) is known as a Mo¨bius translation
[49, p. 129]. An earlier study of Mo¨bius translation in several dimensions, using
the notation −u⊕
M
v =: Tuv, is found in [2] and in [3], where it is attributed to
Poincare´. Both Ahlfors [2] and Ratcliffe [49], who studied the Mo¨bius translation in
several dimensions, did not call it a Mo¨bius addition since it has gone unnoticed at
the time that Mo¨bius translation is regulated by algebraic laws analogous to those
that regulate vector addition.
Mo¨bius addition ⊕
M
in the open unit ball Vs of any real inner product space V
is thus a most natural extension of Mo¨bius addition in the open complex unit disc.
Like the Mo¨bius disc groupoid (D,⊕
M
), the Mo¨bius ball groupoid (Vs,⊕M) turns
out to be a gyrocommutative gyrogroup, defined in Defs. 2 – 3 in Sec. 4, as one can
check straightforwardly by computer algebra. Interestingly, the gyrocommutative
law of Mo¨bius addition was already known to Ahlfors [2, Eq. 39]. The accompanied
gyroassociative law of Mo¨bius addition, however, had gone unnoticed.
6Mo¨bius addition satisfies the gamma identity
(16) γ
u⊕
M
v
= γ
u
γ
v
√
1 +
2
s2
u·v +
1
s4
‖u‖2‖v‖2
for all u,v∈Vs, where γu is the gamma factor
(17) γ
u
=
1√
1−
‖u‖2
s2
in the s-ball Vs.
The gamma factor appears also in Einstein velocity addition of relativistically
admissible velocities, and it is known in special relativity theory as the Lorentz
gamma factor. The gamma factor γ
v
is real if and only if v∈Vs. Hence, the gamma
identity (16) demonstrates that u,v∈Vs ⇒ u⊕Mv∈Vs so that, indeed, Mo¨bius
addition ⊕
M
is a binary operation in the ball Vs.
3. Einstein Velocity Addition
Let c be any positive constant, let (Rnc ,+, ·) be the Euclidean n-space, and let
(18) Rnc = {v ∈ R
n
c : ‖v‖ < c}
be the c-ball of all relativistically admissible velocities of material particles. It is
the open ball of radius c, centered at the origin of Rn, consisting of all vectors v in
Rn with magnitude ‖v‖ smaller than c.
Einstein velocity addition in the c-ball of all relativistically admissible velocities
is given by the equation [18], [40, p. 55], [50, Eq. 2.9.2], [63],
(19) u⊕v =
1
1 + u·v
c2
{
u+
1
γ
u
v +
1
c2
γu
1 + γu
(u·v)u
}
satisfying the gamma identity
(20) γ
u⊕v = γuγv
(
1 +
u·v
c2
)
for all u,v ∈ Rnc , where γu is the gamma factor (17),
(21) γ
u
=
1√
1−
‖u‖2
c2
in the c-ball Rnc .
In physical applications, Rn = R3 is the Euclidean 3-space, which is the space
of all classical, Newtonian velocities, and Rnc = R
3
c ⊂ R
3 is the c-ball of R3 of
all relativistically admissible, Einsteinian velocities. Furthermore, the constant c
represents in physical applications the vacuum speed of light.
Einstein addition (19) of relativistically admissible velocities was introduced by
Einstein in his 1905 paper [15] [16, p. 141] that founded the special theory of rel-
ativity. We may note here that the Euclidean 3-vector algebra was not so widely
known in 1905 and, consequently, was not used by Einstein. Einstein calculated in
7[15] the behavior of the velocity components parallel and orthogonal to the relative
velocity between inertial systems, which is as close as one can get without vectors
to the vectorial version (19).
In full analogy with vector addition and subtraction, we use the abbreviation
u⊖v = u⊕(−v) for Einstein subtraction, so that, for instance, v⊖v = 0, ⊖v =
0⊖v = −v and, in particular,
(22) ⊖(u⊕v) = ⊖u⊖v
and
(23) ⊖u⊕(u⊕v) = v
for all u,v in the ball. Identity (22) is called the automorphic inverse property,
and Identity (23) is called the left cancellation law of Einstein addition [65, 68,
70]. Einstein addition does not obey the immediate right counterpart of the left
cancellation law (23) since, in general,
(24) (u⊕v)⊖v 6= u
However, this seemingly lack of a right cancellation law will be repaired in (47),
following the emergence of a second gyrogroup binary operation in Def. 4 below,
which we introduce in order to capture analogies with classical results.
In the Newtonian limit of large c, c → ∞, the ball Rnc expands to the whole of
its space Rn, as we see from (18), and Einstein addition ⊕ in Rnc reduces to the
common vector addition + in Rn, as we see from (19) and (21).
Einstein addition is noncommutative. Indeed, ‖u⊕v‖ = ‖v⊕u‖, but, in general,
(25) u⊕v 6= v⊕u
u,v ∈ Rnc . Moreover, Einstein addition is also nonassociative since, in general,
(26) (u⊕v)⊕w 6= u⊕(v⊕w)
u,v,w ∈ Rnc .
It seems that following the breakdown of commutativity and associativity in
Einstein addition some mathematical regularity has been lost in the transition from
Newton velocity addition in Rn to Einstein velocity addition (19) in Rnc . This is,
however, not the case since, as we will see in Sec. 4, the gyrator comes to the
rescue [43, 44, 63, 65, 68, 70, 78]. Indeed, we will find in Sec. 4 that the mere
introduction of gyrations endows the Einstein groupoid (Rnc ,⊕) with a grouplike
rich structure [57] that we call a gyrocommutative gyrogroup. Furthermore, we will
find in Sec. 5 that Einstein gyrogroups admit scalar multiplication that turns them
into Einstein gyrovector spaces. The latter, in turn, form the algebraic setting for
the Cartesian-Beltrami-Klein ball model of hyperbolic geometry, just as Euclidean
vector spaces Rn form the algebraic setting for the standard Cartesian model of
Euclidean geometry.
When the nonzero vectors u,v ∈ Rnc ⊂ R
n are parallel in Rn, u‖v, that is,
u = λv for some 0 6= λ ∈ R, Einstein addition reduces to the Einstein addition of
8parallel velocities [79, p. 50],
(27) u⊕v =
u+ v
1 + 1
c2
‖u‖‖v‖
, u‖v
which was confirmed experimentally by Fizeau’s 1851 experiment [39]. Owing to
its simplicity, some books on special relativity present Einstein velocity addition in
its restricted form (27) rather than its general form (19).
The restricted Einstein addition (27) is both commutative and associative. Ac-
cordingly, the restricted Einstein addition is a group operation, as Einstein noted
in [15]; see [16, p. 142]. In contrast, Einstein made no remark about group proper-
ties of his addition law of velocities that need not be parallel. Indeed, the general
Einstein addition (19) is not a group operation but, rather, a gyrocommutative
gyrogroup operation, a structure that was discovered more than 80 years later, in
1988 [55], and is presented in Defs. 2 – 3 in Sec. 4.
4. Einstein Gyrogroups and Gyrations
A description of the 3-space rotation, which since 1926 [54] is named after
Thomas, is found in Silberstein’s 1914 book [51]. In 1914 Thomas precession did not
have a name, and Silberstein called it in his 1914 book a “certain space-rotation”
[51, p. 169]. An early study of Thomas precession, made by the famous mathemati-
cian E´mile Borel in 1913, is described in his 1914 book [6] and, more recently, in
[52]. According to Belloni and Reina [5], Sommerfeld’s route to Thomas precession
dates back to 1909. However, prior to Thomas’ discovery the relativistic peculiar
3-space rotation had a most uncertain physical status [77, p. 119]. The only knowl-
edge Thomas had in 1925 about the peculiar relativistic gyroscopic precession [29]
came from De Sitter’s formula describing the relativistic corrections for the motion
of the moon, found in Eddington’s book [14], which was just published at that time
[63, Sec. 1, Chap. 1].
The physical significance of the peculiar rotation in special relativity emerged in
1925 when Thomas relativistically re-computed the precessional frequency of the
doublet separation in the fine structure of the atom, and thus rectified a missing
factor of 1/2. This correction has come to be known as the Thomas half [9]. Thomas’
discovery of the relativistic precession of the electron spin on Christmas 1925 thus
led to the understanding of the significance of the relativistic effect that became
known as Thomas precession. Llewellyn Hilleth Thomas died in Raleigh, NC, on
April 20, 1992. A paper [8] dedicated to the centenary of the birth of Llewellyn H.
Thomas (1902 – 1992) describes the Bloch gyrovector of quantum information and
computation.
For any u,v∈Rnc , let gyr[u,v] : R
n
c → R
n
c be the self-map of R
n
c given in terms
of Einstein addition ⊕, (19), by the equation [55]
(28) gyr[u,v]w = ⊖(u⊕v)⊕{u⊕(v⊕w)}
for allw∈Rnc . The self-map gyr[u,v] ofR
n
c , which takesw∈R
n
c into⊖(u⊕v)⊕{u⊕(v⊕w)}∈
Rnc , is the gyration generated by u and v. Being the mathematical abstraction of
9the relativistic Thomas precession, The gyration has an interpretation in hyperbolic
geometry [76] as the negative hyperbolic triangle defect [68, Theorem 8.55].
In the Newtonian limit, c→∞, Einstein addition⊕ in Rnc reduces to the common
vector addition + in Rn, which is associative. Accordingly, in this limit the gyration
gyr[u,v] in (28) reduces to the identity map of Rn, called the trivial map. Hence,
as expected, Thomas gyrations gyr[u,v], u,v∈Rnc , vanish (that is, they become
trivial) in the Newtonian limit.
It follows from the gyration equation (28) that gyrations measure the extent to
which Einstein addition deviates from associativity, where associativity corresponds
to trivial gyrations.
The gyration equation (28) can be manipulated (with the help of computer al-
gebra) into the equation
(29) gyr[u,v]w = w+
Au+Bv
D
where
A = −
1
c2
γ2
u
(γ
u
+ 1)
(γ
v
− 1)(u·w) +
1
c2
γ
u
γ
v
(v·w)
+
2
c4
γ2
u
γ2
v
(γ
u
+ 1)(γ
v
+ 1)
(u·v)(v·w)
B = −
1
c2
γ
v
γ
v
+ 1
{γ
u
(γ
v
+ 1)(u·w) + (γ
u
− 1)γ
v
(v·w)}
D = γ
u
γ
v
(1 +
u·v
c2
) + 1 = γ
u⊕v + 1 > 1
(30)
for all u,v,w ∈ Rnc .
Allowing w ∈ Rn ⊃ Rnc in (29) – (30), that is, extending the domain of w from
Rnc to R
n, gyrations gyr[u,v] are expendable to linear maps of Rn for all u,v ∈ Rnc .
In each of the three special cases when (i) u = 0, or (ii) v = 0, or (iii) u and v
are parallel in Rnc ⊂ R
n, u‖v, we have Au+Bv = 0 so that gyr[u,v] is trivial,
gyr[0,v]w = w
gyr[u,0]w = w
gyr[u,v]w = w, u‖v
(31)
for all u,v ∈ Rnc , and all w ∈ R
n.
It follows from (29) that
(32) gyr[v,u](gyr[u,v]w) = w
for all u,v ∈ Rnc , w ∈ R
n, so that gyrations are invertible linear maps of Rn, the
inverse of gyr[u,v] being gyr[v,u] for all u,v ∈ Rnc .
Gyrations keep the inner product of elements of the ball Rnc invariant, that is,
(33) gyr[u,v]a·gyr[u,v]b = a·b
10
for all a,b,u,v∈Rnc . Hence, gyr[u,v] is an isometry of R
n
c , keeping the norm of
elements of the ball Rnc invariant,
(34) ‖gyr[u,v]w‖ = ‖w‖
Accordingly, gyr[u,v] represents a rotation of the ball Rnc about its origin for any
u,v∈Rnc .
The invertible self-map gyr[u,v] of Rnc respects Einstein addition in R
n
c ,
(35) gyr[u,v](a⊕b) = gyr[u,v]a⊕gyr[u,v]b
for all a,b,u,v∈Rnc , so that gyr[u,v] is an automorphism of the Einstein groupoid
(Rnc ,⊕). We recall that an automorphism of a groupoid (R
n
c ,⊕) is a bijective
self-map of the groupoid Rnc that respects its binary operation, that is, it satis-
fies (35). Under bijection composition the automorphisms of a groupoid (Rnc ,⊕)
form a group known as the automorphism group, and denoted Aut(Rnc ,⊕). Being
special automorphisms, gyrations gyr[u,v]∈Aut(Rnc ,⊕), u,v∈R
n
c , are also called
gyroautomorphisms, gyr being the gyroautomorphism generator called the gyrator.
The gyroautomorphisms gyr[u,v] regulate Einstein addition in the ball Rnc , giv-
ing rise to the following nonassociative algebraic laws that “repair” the breakdown
of commutativity and associativity in Einstein addition:
u⊕v=gyr[u,v](v⊕u) Gyrocommutativity
u⊕(v⊕w)=(u⊕v)⊕gyr[u,v]w Left Gyroassociativity
(u⊕v)⊕w=u⊕(v⊕gyr[v,u]w) Right Gyroassociativity
(36)
for all u,v,w∈Rnc . It is clear from the identities in (36) that the gyroautomorphisms
gyr[u,v] measure of the failure of commutativity and associativity in Einstein ad-
dition.
Owing to the gyrocommutative law in (36), the gyrator is recognized as the
familiar Thomas precession of special relativity theory. The gyrocommutative law
was already known to Silberstein in 1914 [51] in the following sense. The Thomas
precession generated by u,v∈R3c is the unique rotation that takes v⊕u into u⊕v
about an axis perpendicular to the plane of u and v through an angle < pi in
Rnc , thus giving rise to the gyrocommutative law. Obviously, Silberstein did not
use the terms “Thomas precession” and “gyrocommutative law” since these terms
have been coined later, respectively, following Thomas’ 1926 paper [54], and by
the author in 1991 [57, 59] following the discovery of the gyrocommutative and the
gyroassociative laws of Einstein addition in [55]. Thus, contrasting the discovery
before 1914 of what we presently call the gyrocommutative law of Einstein addition,
the gyroassociative laws of Einstein addition, left and right, were discovered by the
author about 75 years later, in 1988 [55].
Thomas precession has purely kinematical origin, as emphasized in [67], so that
the presence of Thomas precession is not connected with the action of any force.
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A most important and useful property of gyrations is the so called loop property
(left and right),
(37)
gyr[u⊕v,v] = gyr[u,v] Left Loop Property
gyr[u,v⊕u] = gyr[u,v] Right Loop Property
for all u,v∈Rnc . The left loop property will prove useful in (46) below in solving a
basic gyrogroup equation.
Identities (36) – (37) are the basic identities of the gyroalgebra of Einstein addi-
tion. They can be verified straightforwardly by computer algebra, as explained in
[63, Sec. 8].
The grouplike groupoid (Rnc ,⊕) that regulates Einstein addition, ⊕, in the ball
Rnc of the Euclidean n-space R
n is a gyrocommutative gyrogroup called an Einstein
gyrogroup. Einstein gyrogroups and gyrovector spaces are studied in [63, 65, 68, 70].
Gyrogroups are not peculiar to Einstein addition [69]. Rather, they are abound in
the theory of groups [19, 20, 17], loops [27], quasigroup [28, 35], and Lie groups
[30, 31, 32].
Thus, the type of structure arising in the study of Einstein velocity addition (and
Mo¨bius addition) is of rather frequent occurrence and hence merits an axiomatic
approach. Taking the key features of Einstein velocity addition law as axioms, and
guided by analogies with groups, we are led to the following formal definition of
gyrogroups.
Definition 2. (Gyrogroups). A groupoid is a non-empty set with a binary opera-
tion. A groupoid (G,⊕) is a gyrogroup if its binary operation satisfies the following
axioms. In G there is at least one element, 0, called a left identity, satisfying
(G1) 0⊕a = a
for all a∈G. There is an element 0∈G satisfying axiom (G1) such that for each
a∈G there is an element ⊖a∈G, called a left inverse of a, satisfying
(G2) ⊖a⊕a = 0 .
Moreover, for any a, b, c∈G there exists a unique element gyr[a, b]c∈G such that the
binary operation obeys the left gyroassociative law
(G3) a⊕(b⊕c) = (a⊕b)⊕gyr[a, b]c .
The map gyr[a, b] : G → G given by c 7→ gyr[a, b]c is an automorphism of the
groupoid (G,⊕), that is,
(G4) gyr[a, b]∈Aut(G,⊕) ,
and the automorphism gyr[a, b] of G is called the gyroautomorphism, or the gyration,
of G generated by a, b∈G. The operator gyr : G × G → Aut(G,⊕) is called the
gyrator of G. Finally, the gyroautomorphism gyr[a, b] generated by any a, b ∈G
possesses the left loop property
(G5) gyr[a, b] = gyr[a⊕b, b] .
The first pair of the gyrogroup axioms are like the group axioms. The last pair
present the gyrator axioms and the middle axiom links the two pairs.
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As in group theory, we use the notation a⊖b = a⊕(⊖b) in gyrogroup theory as
well.
In full analogy with groups, some gyrogroups are gyrocommutative according to
the following definition.
Definition 3. (Gyrocommutative Gyrogroups). A gyrogroup (G,⊕) is gyro-
commutative if its binary operation obeys the gyrocommutative law
(G6) a⊕ b = gyr[a, b](b⊕ a)
for all a, b∈G.
First gyrogroup properties are studied in [73, Chap. 1], and more gyrogroup
theorems are studied in [63, 65, 68]. Thus, for instance, as in group theory, any
gyrogroup possesses a unique identity element which is both left and right, and any
element of a gyrogroup possesses a unique inverse.
In order to illustrate the power and elegance of the gyrogroup structure, we solve
below the two basic gyrogroup equations (38) and (45).
Let us consider the gyrogroup equation
(38) a⊕x = b
in a gyrogroup (G,⊕) for the unknown x. If x exists, then by the right gyroasso-
ciative law (36) and by (31), we have
x = 0⊕x
= (⊖a⊕a)⊕x
= ⊖a⊕(a⊕gyr[a,⊖a]x)
= ⊖a⊕(a⊕x)
= ⊖a⊕b
(39)
noting that gyr[a,⊖a] is trivial by (31).
Thus, if a solution to (38) exists, it must be given uniquely by
(40) x = ⊖a⊕b
Conversely, if x = ⊖a⊕b, then x is indeed a solution to (38) since by the left
gyroassociative law and (31) we have
a⊕x = a⊕(⊖a⊕b)
= (a⊕(⊖a))⊕gyr[a,⊖a]b
= 0⊕b
= b
(41)
Substituting the solution (40) in its equation (38) and replacing a by ⊖a we
recover the left cancellation law (23) for Einstein addition
(42) ⊖a⊕(a⊕b) = b
The gyrogroup operation (or, addition) of any gyrogroup has an associated dual
operation, called the gyrogroup cooperation (or, coaddition), which is defined below.
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Definition 4. (The Gyrogroup Cooperation (Coaddition)). Let (G,⊕) be
a gyrogroup with gyrogroup operation (or, addition) ⊕. The gyrogroup cooperation
(or, coaddition) ⊞ is a second binary operation in G given by the equation
(43) a⊞ b = a⊕gyr[a,⊖b]b
for all a,b ∈ G.
Replacing b by ⊖b in (43) we have the cosubtraction identity
(44) a⊟ b := a⊞ (⊖b) = a⊖gyr[a,b]b
for all a,b ∈ G.
To motivate the introduction of the gyrogroup cooperation and to illustrate the
use of the left loop property (G5), we solve the equation
(45) x⊕a = b
for the unknown x in a gyrogroup (G,⊕).
Assuming that a solution x to (45) exists, we have the following chain of equations
x = x⊕0
= x⊕(a⊖a)
= (x⊕a)⊕gyr[x, a](⊖a)
= (x⊕a)⊖gyr[x, a]a
= (x⊕a)⊖gyr[x⊕a, a]a
= b⊖gyr[b, a]a
= b⊟ a
(46)
where the gyrogroup cosubtraction, (44), which captures here an obvious analogy,
comes into play. Hence, if a solution x to the gyrogroup equation (45) exists, it
must be given uniquely by (46). One can show that the latter is indeed a solution
to (45) [68, Sec. 2.4].
The gyrogroup cooperation is introduced into gyrogroups in order to capture
useful analogies between gyrogroups and groups, and to uncover duality symme-
tries with the gyrogroup operation. Thus, for instance, the gyrogroup cooperation
uncovers the seemingly missing right counterpart of the left cancellation law (23),
giving rise to the right cancellation law,
(47) (b⊟ a)⊕a = b
for all a, a in G, which is obtained by substituting the result of (46) into (45).
Remarkably, the right cancellation law (47) can be dualized, giving rise to the
dual right cancellation law
(48) (b⊖a)⊞ a = b
As an example, and for later reference, we note that it follows from the right
cancellation law (47) that
(49) d = (b⊞ c)⊖a ⇐⇒ b⊞ c = d⊞ a
for a,b, c,d in any gyrocommutative gyrogroup (G,⊕).
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An elegant gyrocommutative gyrogroup identity that involves the gyrogroup co-
operation, verified in [68, Theorem 3.12], is
(50) a⊕(b⊕a) = a⊞ (a⊕b)
A gyrogroup cooperation is commutative if and only if the gyrogroup is gyrocom-
mutative [65, Theorem 3.4] [68, Theorem 3.4]. Hence, in particular, Einstein coad-
dition is commutative. Indeed, Einstein coaddition, ⊞, in an Einstein gyrogroup
(Rnc ,⊕), defined in (43), can be written as [68, Eq. 3.195]
u⊞ v =
γ
u
+ γ
v
γ2
u
+ γ2
v
+ γ
u
γ
v
(1 + u·v
s2
)− 1
(γ
u
u+ γ
v
v)
=
γ
u
+ γ
v
(γ
u
+ γ
v
)2 − (γ
u⊖v + 1)
(γ
u
u+ γ
v
v)
= 2⊗
γ
u
u+ γ
v
v
γ
u
+ γ
v
= 2⊗
γ
u
u+ γ
v
v
2 + (γ
u
− 1) + (γ
v
− 1)
(51)
u,v ∈ G, demonstrating that it is commutative, as expected. The symbol ⊗ in
(51) represents scalar multiplication so that, for instance, 2⊗v = v⊕v, for all v in a
gyrogroup (G,⊕), as explained in Sec. 5 below. It turns out that Einstein coaddition
⊞ is more than just a commutative binary operation in the ball. Remarkably, it
forms the (hyperbolic) gyroparallelogram addition law in the ball, illustrated in
Fig. 6.
The extreme sides of (51) suggest that the application of Einstein coaddition to
three summands is given by the following gyroparallelepiped addition law
(52) u⊞3 v ⊞3 w := 2⊗
γ
u
u+ γ
v
v + γ
w
w
2 + (γ
u
− 1) + (γ
v
− 1) + (γ
w
− 1)
u,v,w ∈ G, the ternary operation ⊞3 being Einstein coaddition of order three.
Einstein coaddition (52) of three summands is commutative and associative in
the generalized sense that it is a symmetric function of the summands. The gyropar-
allelepiped that results from the gyroparallelepiped law (52) is studied in detail in
[68, Secs. 10.9–10.12].
We may note that by (51) – (52) we have u ⊞3 v ⊞3 0 = u ⊞ v, as expected.
However, unexpectedly we have u⊞3 v ⊞3 (⊖v) 6= u, in general.
The extension of (52) to the Einstein coaddition of k summands, k > 3 , is now
straightforward, giving rise to the higher dimensional gyroparallelotope law in Rnc ,
(53) v1 ⊞k v2 ⊞k . . . ⊞k vk := 2⊗
∑k
i=1 γvivi
2 +
∑k
i=1(γvi − 1)
vk ∈ G, k ∈ N, where ⊞k is a k-ary operation called Einstein coaddition of order k.
An interesting study of parallelotopes in Euclidean geometry is found in [10].
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In the Euclidean limit c→∞, (i) gamma factors tend to 1, and (ii) the hyperbolic
scalar multiplication, ⊗, of a gyrovector (see Sec. 6) by 2 tends to the common scalar
multiplication of a vector by 2. Hence, in the Euclidean limit, the right-hand side
of (53) tends to the vector sum
∑k
i=1 vi in R
n, as expected.
5. Einstein Gyrovector Spaces
Let k⊗v be the Einstein addition of k copies of v ∈ Rnc , that is k⊗v = v⊕v . . .⊕v
(k terms). Then, it follows from Einstein addition (19) and straightforward algebra
that [58]
(54) k⊗v = c
(
1 +
‖v‖
c
)k
−
(
1−
‖v‖
c
)k
(
1 +
‖v‖
c
)k
+
(
1−
‖v‖
c
)k v‖v‖
The definition of scalar multiplication in an Einstein gyrovector space requires
analytically continuing k off the positive integers, thus obtaining the following def-
inition [59]:
Definition 5. An Einstein gyrovector space (Rnc ,⊕,⊗) is an Einstein gyrogroup
(Rnc ,⊕), R
n
c ⊂ R
n
c , with scalar multiplication ⊗ given by the equation
r⊗v = c
(
1 +
‖v‖
c
)r
−
(
1−
‖v‖
c
)r
(
1 +
‖v‖
c
)r
+
(
1−
‖v‖
c
)r v‖v‖
= c tanh(r tanh−1
‖v‖
c
)
v
‖v‖
(55)
where r is any real number, r ∈ R, v ∈ Rnc , v 6= 0, and r⊗0 = 0, and with which
we use the notation v⊗r = r⊗v.
Einstein gyrovector spaces are studied in [68, Sec. 6.18] and [70]. Einstein scalar
multiplication does not distribute over Einstein addition, but it possesses other
properties of vector spaces. For any positive integer n, and for all real numbers
r, r
1
, r
2
∈ R, and v ∈ Rnc , we have
n⊗v = v⊕ . . .⊕v n terms
(r
1
+ r
2
)⊗v = r
1
⊗v⊕r
2
⊗v Scalar Distributive Law
(r
1
r
2
)⊗v = r
1
⊗(r
2
⊗v) Scalar Associative Law
r⊗(r
1
⊗v⊕r
2
⊗v) = r⊗(r
1
⊗v)⊕r⊗(r
2
⊗v) Monodistributive Law
in any Einstein gyrovector space (Rnc ,⊕,⊗).
Any Einstein gyrovector space (Rnc ,⊕,⊗) inherits the common inner product and
the norm from its vector space Rn. These turn out to be invariant under gyrations,
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that is,
gyr[a,b]u·gyr[a,b]v = u·v
‖gyr[a,b]v‖ = ‖v‖
(56)
for all a,b,u,v∈Rnc .
Unlike vector spaces, Einstein gyrovector spaces (Rnc ,⊕,⊗) do not possess the
distributive law since, in general,
(57) r⊗(u⊕v) 6= r⊗u⊕r⊗v
for r∈R and u,v∈Rnc . One might suppose that there is a price to pay in mathe-
matical regularity when replacing ordinary vector addition with Einstein addition,
but this is not the case as demonstrated in [63, 65, 68], and as noted by S. Walter
in [78].
Owing to the break down of the distributive law in gyrovector spaces, the fol-
lowing gyrovector space identity, called the Two-Sum Identity [68, Theorem 6.7],
proves useful:
(58) 2⊗(u⊕v) = u⊕(2⊗v⊕u)
In full analogy with the common Euclidean distance function, Einstein addition
admits the gyrodistance function
(59) d⊕(A,B) = ‖⊖A⊕B‖
that obeys the gyrotriangle inequality [68, Theorem 6.9]
(60) d⊕(A,B) ≤ d⊕(A,P )⊕d⊕(P,B)
for any points A,B, P ∈ Rnc in an Einstein gyrovector space (R
n
c ,⊕,⊗). The gy-
rodistance function is invariant under the group of motions of its Einstein gyrovector
space, that is, under left gyrotranslations and rotations of the space [68, Sec. 4]. The
gyrotriangle inequality (60) reduces to a corresponding gyrotriangle equality,
(61) d⊕(A,B) = d⊕(A,P )⊕d⊕(P,B)
if and only if point P lies between points A and B, that is, point P lies on the
gyrosegment AB, as shown in Fig. 2. Accordingly, the gyrodistance function is
gyroadditive on gyrolines, as demonstrated in (61) and illustrated graphically in
Fig. 2.
Furthermore, the Einstein gyrodistance function (59) in any n-dimensional Ein-
stein gyrovector space (Rnc ,⊕,⊗) possesses a familiar Riemannian line element. It
gives rise to the Riemannian line element ds2e of the Einstein gyrovector space with
its gyrometric (59),
ds2e = ‖(x+ dx)⊖x‖
2
=
c2
c2 − x2
dx2 +
c2
(c2 − x2)2
(x·dx)2
(62)
x ∈ Rnc , where dx
2 = dx·dx, as shown in [68, Theorem 7.6].
Remarkably, the Riemannian line element ds2e in (62) turns out to be the well-
known line element that the Italian mathematician Eugenio Beltrami introduced in
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Figure 1. The unique gyro-
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Figure 2. The gyrosegment
AB that links the points A and
B in (Rnc ,⊕,⊗), with one of its
generic points P and its gyro-
midpoint MAB . The point P lies
between A and B and, hence,
obeys the gyrotriangle equality,
(61).
1868 in order to study hyperbolic geometry by a Euclidean disc model, now known
as the Beltrami-Klein disc [38, p. 220][4]. An English translation of his historically
significant 1868 essay on the interpretation of non-Euclidean geometry is found
in [53]. The significance of Beltrami’s 1868 essay rests on the generally known
fact that it was the first to offer a concrete interpretation of hyperbolic geometry
by interpreting “straight lines” as geodesics on a surface of a constant negative
curvature. Beltrami, thus, constructed a Euclidean disc model of the hyperbolic
plane [38] [53], which now bears his name along with the name of Klein.
We have thus found that the Beltrami-Klein ball model of hyperbolic geometry
is regulated algebraically by Einstein gyrovector spaces with their gyrodistance
function (59) and Riemannian line element (62), just as the standard model of
Euclidean geometry is regulated algebraically by vector spaces with their Euclidean
distance function and the Riemannian line element ds2 = dx2.
In full analogy with Euclidean geometry, the unique Einstein gyroline LAB , Fig. 1,
that passes through two given points A and B in an Einstein gyrovector space
R
n
c = (R
n
c ,⊕,⊗) is given by the parametric equation
(63) LAB (t) = A⊕(⊖A⊕B)⊗t
with the parameter t ∈ R. The gyroline LAB passes through the point A when t = 0
and, owing to the left cancellation law (23), it passes through the point B when
t = 1.
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Einstein gyrolines in the ball Rnc are chords of the ball, as shown in Fig. 1.
These chords of the ball turn out to be the familiar geodesics of the Beltrami-Klein
ball model of hyperbolic geometry [38]. Accordingly, Einstein gyrosegments are
Euclidean segments, as shown in Fig. 2. The result that Einstein gyrosegments are
Euclidean segments is well exploited in [72, 73] in the use of hyperbolic barycentric
coordinates for the determination of various hyperbolic triangle centers. It enables
one to determine points of intersection of gyrolines by common methods of linear
algebra.
The gyromidpointMAB of gyrosegment AB, shown in Fig. 2, is the unique point
of the gyrosegment that satisfies the equation d⊕(MAB , A) = d⊕(MAB , B). It is
given by each of the following equations [70, Theorem 3.33],
(64) MAB = A⊕(⊖A⊕B)⊗ 12 =
γ
A
A+γ
B
B
γ
A
+γ
B
= 12⊗(A⊞B)
in full analogy with Euclidean midpoints, shown in Fig. 5. One may note that the
extreme right equation in (64) appears in (51) in an equivalent form.
The endpoints of a gyroline in an Einstein gyrovector space (Rnc ,⊕,⊗) are the
points where the gyroline approaches the boundary of the ball Rnc . Following (63),
the endpoints EA and EB of the gyroline LAB (t) in Fig. 1 are
EA = lim
t→−∞
{A⊕(⊖A⊕B)⊗t}
EB = lim
t→ ∞
{A⊕(⊖A⊕B)⊗t}
(65)
Explicit expressions for the gyroline endpoints in Einstein gyrovector spaces are
presented in (162), p. 44.
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6. Vectors and Gyrovectors
Elements of a real inner product space V = (V,+, ·), called points and denoted
by capital italic letters, A,B, P,Q, etc, give rise to vectors in V, denoted by bold
roman lowercase letters u,v, etc. Any two ordered points P,Q∈V give rise to a
unique rooted vector v∈V, rooted at the point P . It has a tail at the point P and
a head at the point Q, and it has the value −P +Q,
(66) v = −P +Q
The length of the rooted vector v = −P +Q is the distance between the points P
and Q, given by the equation
(67) ‖v‖ = ‖ − P +Q‖
Two rooted vectors −P + Q and −R + S are equivalent if they have the same
value, that is,
(68) − P +Q ∼ −R+ S if and only if − P +Q = −R+ S
The relation ∼ in (68) between rooted vectors is reflexive, symmetric and transitive,
so that it is an equivalence relations that gives rise to equivalence classes of rooted
vectors.
Two equivalent rooted vectors in a Euclidean vector plane are shown in Fig. 3.
Being equivalent in Euclidean geometry, the two vectors in Fig. 3 are parallel and
they possess equal lengths.
To liberate rooted vectors from their roots we define a vector to be an equivalence
class of rooted vectors. The vector −P + Q is thus a representative of all rooted
vectors with value −P +Q. Accordingly, the two vectors in Fig. 3 are equal.
A point P ∈V is identified with the vector −O + P , O being the arbitrarily
selected origin of the space V. Hence, the algebra of vectors can be applied to
points as well. Naturally, geometric and physical properties regulated by a vector
space are independent of the choice of the origin.
Let A,B,C ∈ V be three non-collinear points, and let
u = −A+B
v = −A+ C
(69)
be two vectors in V that possess the same tail, A. Furthermore, let D be a point of
V given by the parallelogram condition
(70) D = B + C −A
The quadrangle (also known as a quadrilateral; see [11, p. 52]) ABDC turns out
to be a parallelogram in Euclidean geometry, Fig. 5, since its two diagonals, AD
and BC, intersect at their midpoints, that is,
(71) 12 (A+D) =
1
2 (B + C)
Clearly, the midpoint equality (71) is equivalent to the parallelogram condition (70).
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Figure 5. The Euclidean parallelogram and its addition law in
a Euclidean vector plane (R2,+, ·). The diagonals AD and BC of
parallelogram ABDC intersect each other at their midpoints. The
midpoints of the diagonals AD and BC are, respectively, MAD
and MBC , each of which coincides with the parallelogram center
MABDC .
The vector addition of the vectors u and v that generate the parallelogram
ABDC, according to (69), gives the vector w by the parallelogram addition law,
Fig. 5,
(72) w := −A+D = (−A+B) + (−A+ C) = u+ v
Here, by definition, w is the vector formed by the diagonal AD of the parallelogram
ABDC, as shown in Fig. 5.
Vectors in the space V are, thus, equivalence classes of ordered pairs of points,
Fig. 3, which add according to the parallelogram law, Fig. 5.
Gyrovectors emerge in an Einstein gyrovector space (Vc,⊕,⊗) in a way fully
analogous to the way vectors emerge in the space V, where Vc is the c-ball of the
space V, (14).
Elements of Vc, called points and denoted by capital italic letters, A,B, P,Q,
etc, give rise to gyrovectors in Vc, denoted by bold roman lowercase letters u,v,
etc. Any two ordered points P,Q∈Vc give rise to a unique rooted gyrovector v∈Vc,
rooted at the point P . It has a tail at the point P and a head at the point Q, and
it has the value ⊖P⊕Q,
(73) v = ⊖P⊕Q
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The gyrolength of the rooted gyrovector v = ⊖P⊕Q is the gyrodistance between
the points P and Q, given by the equation
(74) ‖v‖ = ‖⊖P⊕Q‖
Two rooted gyrovectors ⊖P⊕Q and ⊖R⊕S are equivalent if they have the same
value, that is,
(75) ⊖P⊕Q ∼ ⊖R⊕S if and only if ⊖P⊕Q = ⊖R⊕S
The relation ∼ in (75) between rooted gyrovectors is reflexive, symmetric and tran-
sitive, so that it is an equivalence relation that gives rise to equivalence classes of
rooted gyrovectors.
Two equivalent rooted gyrovectors in an Einstein gyrovector plane are shown
in Fig. 4. Being equivalent in hyperbolic geometry, the two gyrovectors in Fig. 4
possess equal gyrolengths.
To liberate rooted gyrovectors from their roots we define a gyrovector to be an
equivalence class of rooted gyrovectors. The gyrovector ⊖P⊕Q is thus a represen-
tative of all rooted gyrovectors with value ⊖P⊕Q. Accordingly, the two gyrovectors
in Fig. 4 are equal.
A point P of a gyrovector space (Vc,⊕,⊗) is identified with the gyrovector
⊖O⊕P , O being the arbitrarily selected origin of the space Vc. Hence, the al-
gebra of gyrovectors can be applied to points as well. Naturally, geometric and
physical properties regulated by a gyrovector space are independent of the choice
of the origin.
Let A,B,C ∈ Vc be three non-gyrocollinear points of an Einstein gyrovector
space (Vc,⊕,⊗), and let
u = ⊖A⊕B
v = ⊖A⊕C
(76)
be two gyrovectors in V that possess the same tail, A. Furthermore, let D be a
point of Vc given by the gyroparallelogram condition
(77) D = (B ⊞ C)⊖A
Then, the gyroquadrangle ABDC is a gyroparallelogram in the Beltrami-Klein ball
model of hyperbolic geometry in the sense that its two gyrodiagonals, AD and BC,
intersect at their gyromidpoints, that is,
(78) 12⊗(A⊞D) =
1
2⊗(B ⊞ C)
as illustrated in Fig. 6. Clearly by (49), the gyromidpoint equality (78) is equivalent
to the gyroparallelogram condition (77).
The gyrovector addition of the gyrovectors u and v that generate the gyropar-
allelogram ABDC gives the gyrovector w by the gyroparallelogram addition law,
Fig. 6,
(79) w := ⊖A⊕D = (⊖A⊕B)⊞ (⊖A⊕C) =: u⊞ v
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u = ⊖A⊕B
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=
⊖
A
⊕
C w
=
⊖
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⊕
D
Figure 6. The Einstein gyroparallelogram and its addition law
in an Einstein gyrovector plane (R2c ,⊕,⊗). The gyrodiagonals AD
and BC of gyroparallelogram ABDC intersect each other at their
gyromidpoints. Detailed studies of the gyroparallelogram and its
extension to higher dimensional gyroparallelepipeds are presented
in [65, 68]. The gyroparallelogram addition law plays an important
role in the gyrovector space approach to hyperbolic geometry, stud-
ied in [68, 70]. The gyromidpoints of the gyrodiagonals AD and
BC are, respectively, MAD and MBC , each of which coincides with
the gyroparallelogram gyrocenter MABDC . The analogies that this
figure shares with Fig. 5 are obvious. Along these analogies there
is a remarkable disanalogy. (i) Newton velocity addition, +, and
the parallelogram addition, +, in Fig. 5 are identically the same bi-
nary operations in Rn. In contrast (ii) Einstein velocity addition,
⊕, and its resulting gyroparallelogram addition, ⊞, in this figure
are two different binary operations in the ball Rnc . This disanalogy
raises the question as to whether uniform relativistic velocities in
the Universe are added according to the noncommutative Einstein
velocity addition, (19), or according to the commutative Einstein
gyroparallelogram addition, ⊞ in (43).
Here, by definition, w is the gyrovector formed by the gyrodiagonal AD of the
gyroparallelogram ABDC. The gyrovector identity in (79) is explained in (82)
below.
Gyrovectors in the ball Vc are, thus, equivalence classes of ordered pairs of points,
Fig. 4, which add according to the gyroparallelogram law, Fig. 6.
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7. Gyroparallelogram – The Hyperbolic Parallelogram
In Euclidean geometry a parallelogram is a quadrangle the two diagonals of which
intersect at their midpoints. In full analogy, in hyperbolic geometry a gyropar-
allelogram is a gyroquadrangle the two gyrodiagonals of which intersect at their
gyromidpoints, as shown in Fig. 6. Accordingly, if A, B and C are any three non-
gyrocollinear points (that is, they do not lie on a gyroline) in an Einstein gyrovector
space, and if a fourth point D is given by the gyroparallelogram condition
(80) D = (B ⊞ C)⊖A
then the gyroquadrangle ABDC is a gyroparallelogram, as shown in Fig. 6.
Indeed, the two gyrodiagonals of gyroquadrangle ABDC are the gyrosegments
AD and BC, shown in Fig. 6, the gyromidpoints of which coincide, that is,
(81) 12⊗(A⊞D) =
1
2⊗(B ⊞ C)
where, by (49), the result in (81) is equivalent to the gyroparallelogram condition
(80).
Let ABC be a gyrotriangle in an Einstein gyrovector space (Rnc ,⊕,⊗) and let D
be the point that augments gyrotriangle ABC into the gyroparallelogram ABDC,
as shown in Fig. 6. Then, D is determined uniquely by the gyroparallelogram
condition (80), obeying the gyroparallelogram addition law [73, Theorem 5.5]
(82) (⊖A⊕B)⊞ (⊖A⊕C) = (⊖A⊕D)
shown in Fig. 6. In full analogy with the parallelogram addition law of vectors in
Euclidean geometry, (72), the gyroparallelogram addition law (82) of gyrovectors
in hyperbolic geometry can be written as
(83) u⊞ v = w
where u,v and w are the gyrovectors
u = ⊖A⊕B
v = ⊖A⊕C
w = ⊖A⊕D
(84)
which emanate from the point A [68, Chap. 5].
In his 1905 paper that founded the special theory of relativity [15], Einstein noted
that his velocity addition does not satisfy the Euclidean parallelogram law:
“Das Gesetz vom Parallelogramm der Geschwindigkeiten gilt also
nach unserer Theorie nur in erster Anna¨herung.”
A. Einstein [15]
[English translation: Thus the law of velocity parallelogram is valid according to
our theory only to a first approximation.]
Indeed, Einstein velocity addition, ⊕, is noncommutative and does not give rise
to an exact “velocity parallelogram” in Euclidean geometry. However, as we see in
Fig. 6, Einstein velocity coaddition, ⊞, which is commutative, does give rise to an
exact “velocity gyroparallelogram” in hyperbolic geometry.
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Figure 7. The unique gyro-
line LAB in a Mo¨bius gyrovec-
tor space (Rnc ,⊕,⊗) through two
given points A and B. The case
of the Mo¨bius gyrovector plane,
when Vc = R
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unit disc, is shown.
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Figure 8. The gyrosegment
AB that links the points A and
B in (Rnc ,⊕,⊗), with one of its
generic points P and its gyro-
midpoint MAB . The point P lies
between A and B and, hence,
obeys the gyrotriangle equality,
(61).
The breakdown of commutativity in Einstein velocity addition law seemed un-
desirable to the famous mathematician E´mile Borel. Borel’s resulting attempt to
“repair” the seemingly “defective” Einstein velocity addition in the years following
1912 is described by Walter in [77, p. 117]. Here, however, we see that there is
no need to repair Einstein velocity addition law for being noncommutative since,
despite of being noncommutative, it gives rise to the gyroparallelogram law of gy-
rovector addition, which turns out to be commutative. The compatibility of the
gyroparallelogram addition law of Einsteinian velocities with cosmological obser-
vations of stellar aberration is studied in [68, Chap. 13] and [73, Sec. 10.2]. The
extension of the gyroparallelogram addition law of k = 2 summands into a higher
dimensional gyroparallelotope addition law of k > 2 summands is mentioned in
(51) – (53) and studied in [68, Theorem 10.6].
8. The Isomorphism Between Mo¨bius and Einstein Addition
Einstein addition, ⊕ = ⊕
E
, and Mo¨bius addition, ⊕
M
, admit the same scalar
multiplication (55), ⊗ = ⊗
E
= ⊗
M
. The isomorphism between ⊕
E
and ⊕
M
is given
by the identities
A⊕
E
B = 2⊗(12⊗A⊕M
1
2⊗B), A,B∈(R
n
c .⊕E ,⊗E)
A⊕
M
B = 12⊗(2⊗A⊕E2⊗B), A,B∈(R
n
c .⊕M ,⊗M)
(85)
for all A,B ∈ Rnc .
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The isomorphism in (85) is not trivial owing to the result that scalar multiplica-
tion, ⊗, is non-distributive, that is, it does not distribute over gyrovector addition,
⊕.
As examples of the use of the isomorphism (85) let Ae∈(R
n
c ,⊕E ,⊗) and Am∈
(Rnc ,⊕M ,⊗) be points of an Einstein and a Mo¨bius gyrovector space that are iso-
morphic to each other under the isomorphism (85). Then,
Ae = 2⊗Am
Am =
1
2⊗Ae
(86)
It follows from (86) that
γ
Ae
= γ
2⊗Am
= 2γ2
Am
− 1
γ
Ae
Ae = γ
2⊗Am
(2⊗Am) = 2γ
2
Am
Am
(87)
More generally, for points Ai,e, Aj,e∈(R
n
s ,⊕E ,⊗) in an Einstein gyrovector space
and their isomorphic image Ai,m, Aj,m ∈ (R
n
s ,⊕E ,⊗) in a corresponding Mo¨bius
gyrovector space, we have, [72, Eq. (2.278)],
(88) γij,e := γ⊖
E
Ai,e⊕
E
Aj,e
= 2γ2
⊖
M
Ai,m⊕
M
Aj,m
− 1 =: 2γ2ij,m − 1
and, [72, Eq. (2.280)],
(89)
√
γ2ij,e − 1 = 2γij,m
√
γ2ij,m − 1
Interestingly, in the following equation we see an elegant expression that re-
mains invariant under the isomorphism (85) between Einstein and Mo¨bius gyrovec-
tor spaces:
(90)
γij,eaij,e√
γ2ij,e − 1
=
γij,maij,m√
γ2ij,m − 1
as one can readily check, where we use the notation
aij,e = ⊖EAi,e⊕EAj,e
aij,m = ⊖MAi,m⊕MAj,m
γij,e = γaij,e
γij,m = γaij,m
(91)
A study in detail of the isomorphism between Einstein and Mo¨bius gyrovector
spaces is found in [68, Sec. 6.21] and [72, Sec. 2.29].
Owing to the isomorphism between Einstein and Mo¨bius addition in Rnc , the
triples (Rnc ,⊕M ,⊗) form Mo¨bius gyrovector spaces just as the triples (R
n
c ,⊕E ,⊗)
form Einstein gyrovector spaces. We will now show in (92)–(94) below that the
isomorphic image of an Einstein gyroline Pe(t) in an Einstein gyrovector space
(Rnc ,⊕E ,⊗) is a Mo¨bius gyroline Pm(t) in a corresponding Mo¨bius gyrovector space
(Rnc ,⊕M ,⊗).
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Let
(92) Pe(t) = Ae⊕E(⊖EAe⊕EBe)⊗t
t ∈ R, be the gyroline that passes through the distinct points Ae, Be ∈ R
n
c in
an Einstein gyrovector space (Rnc ,⊕E ,⊗), shown in Fig. 1, p. 17 for n = 2. Fur-
thermore, let Am, Bm, Pm ∈ R
n
c be the respective isomorphic images of the points
Ae, Be, Pe ∈ R
n
c in (92) under the isomorphism expressed in (85)–(86). In the
following chain of equations, which are numbered for subsequent explanation, we
determine the isomorphic image of the Einstein gyroline (92) in the corresponding
Mo¨bius gyrovector space (Rnc ,⊕M ,⊗).
2⊗Pm(t)
(1)︷︸︸︷
=== 2⊗Am⊕E(⊖E2⊗Am⊕E2⊗Bm)⊗t
(2)︷︸︸︷
=== 2⊗Am⊕E(2⊗(−Am)⊕E2⊗Bm)⊗t
(3)︷︸︸︷
=== 2⊗Am⊕E2⊗{(−Am⊕MBm)}⊗t
(4)︷︸︸︷
=== 2⊗Am⊕E2⊗{(−Am⊕MBm)⊗t}
(5)︷︸︸︷
=== 2⊗{Am⊕M(−Am⊕MBm)⊗t}
(6)︷︸︸︷
=== 2⊗{Am⊕M(⊖MAm⊕MBm)⊗t}
(93)
so that, finally, the two extreme sides of (93) give the equation
(94) Pm(t) = Am⊕M(⊖MAm⊕MBm)⊗t
Derivation of the numbered equalities in (93) follows:
(1) This equation follows from (92) and (86), where the equations Pe = 2⊗Pm,
Ae = 2⊗Am and Be = 2⊗Bm that result from (86) are substituted into
(92).
(2) Follows from Item (1) since the unary operations ⊖
E
and – are identically
the same in Einstein gyrovector spaces, and since −2⊗Am = 2⊗(−Am).
(3) Follows from Item (2) by the first identity in (85) applied to the second
binary operation ⊕
E
in Item (2).
(4) Follows from Item (3) by the scalar associative law of gyrovector spaces.
(5) Follows from Item (4) by the first identity in (85) applied to the remaining
binary operation ⊕
E
in Item (4).
(6) Follows from Item (5) since the unary operations ⊖
M
and – are identically
the same in Mo¨bius gyrovector spaces.
A Mo¨bius gyroline in a Mo¨bius gyrovector plane (R2c ,⊕,⊗) is shown in Fig. 7.
Interestingly, a Mo¨bius gyroline that does not pass through the center of the disc
R
2
c is a circular arc that approaches the boundary of the disc orthogonally. This
feature of the Mo¨bius gyroline indicates that Mo¨bius gyrovector spaces form the
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algebraic setting for the Poincare´ ball model of hyperbolic geometry. The link be-
tween Einstein and Mo¨bius gyrovector spaces and differential geometry is presented
in [66].
As in (59)–(60), but now with ⊕ = ⊕
M
, Mo¨bius addition ⊕ admits the gyrodis-
tance function
(95) d⊕(A,B) = ‖⊖A⊕B‖
that obeys the gyrotriangle inequality [68, Theorem 6.9]
(96) d⊕(A,B) ≤ d⊕(A,P )⊕d⊕(P,B)
for any A,B, P ∈ Rnc in a Mo¨bius gyrovector space (R
n
c ,⊕,⊗). Mo¨bius gyrodistance
function is invariant under the group of motions of its Mo¨bius gyrovector space,
that is, under left gyrotranslations and rotations of the space [68, Sec. 4]. The
gyrotriangle inequality (96) reduces to a corresponding gyrotriangle equality,
(97) d⊕(A,B) = d⊕(A,P )⊕d⊕(P,B)
if and only if point P lies between points A and B, that is, point P lies on the
gyrosegment AB, as shown in Fig. 8. Accordingly, the gyrodistance function is
gyroadditive on gyrolines, as demonstrated in (97) and illustrated graphically in
Fig. 8.
The one-to-one relationship between Mo¨bius gyrodistance function (95) and the
standard Poincare´ distance function in the Poincare´ ball model of hyperbolic geom-
etry is presented in [68, Sec. 6.17].
Einstein coaddition, ⊞ = ⊞
E
, in the ball, defined in (43), is commutative as
shown in (51). Its importance stems from analogies with classical results that it
captures. In particular, it proves useful in solving the gyrogroup equation (45), in
the determination of gyromidpoints in (64), and in the formulation of the gyropar-
allelogram addition law in (82) and in Fig. 6.
9. Mo¨bius Coaddition
We now wish to determine Mo¨bius coaddition in the ball Rnc by means of the
isomorphism between Mo¨bius and Einstein gyrovector spaces. Let ue,ve,we ∈
(Rnc ,⊕E ,⊗) be three elements of an Einstein gyrovector space such that
(98) we = ue ⊞E ve
and let um,vm,wm ∈ (R
n
c ,⊕M ,⊗) be the corresponding elements of of the corre-
sponding Mo¨bius gyrovector space. Then,
(99) wm = um ⊞M vm
where Mo¨bius coaddition ⊞
M
in (Rnc ,⊕M ,⊗) is determined from Einstein coaddi-
tion ⊞
E
in the following chain of equations, which are numbered for subsequent
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explanation.
um ⊞M vm
(1)︷︸︸︷
=== wm
(2)︷︸︸︷
=== 12⊗we
(3)︷︸︸︷
=== 12⊗(ue ⊞E ve)
(4)︷︸︸︷
=== 12⊗
{
2⊗
γ
ue
ue+γ
ve
ve
γ
ue
+γ
ve
}
(5)︷︸︸︷
===
γ
ue
ue + γ
ve
ve
γ
ue
+ γ
ve
(6)︷︸︸︷
===
2γ2
um
um + 2γ
2
vm
um
2γ2
um
− 1 + 2γ2
vm
− 1
(7)︷︸︸︷
===
γ2
um
um + γ
2
vm
um
γ2
um
+ γ2
vm
− 1
(100)
Derivation of the numbered equalities in (100) follows:
(1) The equation in Item (1) is (99).
(2) The equation in Item (2) follows from the isomorphism (86) between wm
in a Mo¨bius gyrovector space (Rnc ,⊕M ,⊗) and its isomorphic image we in
the isomorphic Einstein gyrovector space (Rnc ,⊕E ,⊗).
(3) Follows from (2) by assumption (98).
(4) Follows from (3) by (51).
(5) Follows from (4) by the scalar associative law of gyrovector spaces, Sec. 5.
(6) Follows from (5) by (87).
Hence, by (100), Mo¨bius coaddition⊞
M
in a Mo¨bius gyrovector space (Rnc ,⊕M ,⊗)
is given by the equation
(101) u⊞
M
v =
γ2
u
u+ γ2
v
u
γ2
u
+ γ2
v
− 1
for all u,v ∈ Rnc .
In order to extend (100) from Mo¨bius coaddition of order two to any order k,
k > 2, we rewrite (53) in the form
(102) we := v1,e ⊞E,k v2,e ⊞E,k . . . ⊞E,k vk,e = 2⊗
∑k
i=1 γvi,evi,e
2 +
∑k
i=1(γvi,e − 1)
where vi,e ∈ (R
n
c ,⊕E ,⊗), i = 1, . . . , k, are k elements of an Einstein gyrovector
space and where we ∈ (R
n
c ,⊕E ,⊗) is their cosum, ⊞E,k being the Einstein k-ary
cooperation, that is, the Einstein cooperation of order k.
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Let vi,m, i = 1, . . . , k, and wm be the respective isomorphic images of vi,e, and
we in the corresponding Mo¨bius gyrovector space (R
n
c ,⊕M ,⊗), under isomorphism
(86). Then,
(103) wm = v1,m ⊞M,k v2,m ⊞M,k . . . ⊞M,k vk,m
where Mo¨bius coaddition of order k, ⊞M,k, is to be determined in the chain of
equations below, which are numbered for subsequent interpretation:
v1,m⊞M,kv2,m ⊞M,k . . . ⊞M,k vk,m
(1)︷︸︸︷
=== wm
(2)︷︸︸︷
=== 12⊗we
(3)︷︸︸︷
=== 12⊗(v1,e ⊞E,k v2,e ⊞E,k . . . ⊞E,k vk,e)
(4)︷︸︸︷
=== 12⊗
{
2⊗
∑k
i=1 γvi,e
vi,e
2+
∑
k
i=1(γvi,e−1)
}
(5)︷︸︸︷
===
∑k
i=1 γvi,evi,e
2 +
∑k
i=1(γvi,e − 1)
(6)︷︸︸︷
===
2
∑k
i=1 γ
2
vi,m
vi,m
2 +
∑k
i=1(2γ
2
vi,m
− 2)
===
∑k
i=1 γ
2
vi,m
vi,m
1 +
∑k
i=1(γ
2
vi,m
− 1)
(104)
Derivation of the numbered equalities in (100) follows:
(1) The equation in Item (1) is (103).
(2) The equation in Item (2) follows from the isomorphism (86) between wm
in a Mo¨bius gyrovector space (Rnc ,⊕M ,⊗) and its isomorphic image we in
the isomorphic Einstein gyrovector space (Rnc ,⊕E ,⊗).
(3) Follows from (2) by the assumption in (102).
(4) Follows from (3) by the equation in (102).
(5) Follows from (4) by the scalar associative law of gyrovector spaces, Sec. 5.
(6) Follows from (5) by (87).
Hence, by (104), Mo¨bius coaddition of order k, ⊞M,k in a Mo¨bius gyrovector
space (Rnc ,⊕M ,⊗) is given by the equation
(105) v1,m ⊞M,k v2,m ⊞M,k . . . ⊞M,k vk,m =
∑k
i=1 γ
2
vi,m
vi,m
1 +
∑k
i=1(γ
2
vi,m
− 1)
for all vi,m ∈ (R
n
c ,⊕M ,⊗), i = 1, . . . , k.
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10. Mo¨bius double-gyroline
Theorem 6. Let A,B ∈ Rnc be any two distinct points of a Mo¨bius gyrovector
space (Rnc ,⊕,⊗), and let
(106) LAB (t) = A⊕(⊖A⊕B)⊗t
t ∈ R, be the gyroline that passes through these points. Then,
(107) 2⊗LAB (t) = A⊞ LAB(2t)
Proof. Let
F1(t) = (⊖A⊕B)⊗t
F2(t) = 2⊗F1(t)
(108)
so that we have, by the scalar associative law of gyrovector spaces,
F2(t) = 2⊗F1(t)
= 2⊗(⊖A⊕B)⊗t
= (⊖A⊕B)⊗(2t)
= F1(2t)
(109)
Hence, by (108) – (109), (107) can be written equivalently as
(110) 2⊗(A⊕F1(t)) = A⊞ (A⊕F1(2t)) = A⊞ (A⊕F2(t))
so that instead of verifying (107) we can, equivalently, verify (110).
The proof of (110) is given by the following chain of equations, which are num-
bered for subsequent derivation.
2⊗(A⊕F1)
(1)︷︸︸︷
=== A⊕(2⊗F1⊕A)
(2)︷︸︸︷
=== A⊕(F2⊕A)
(3)︷︸︸︷
=== A⊞ (A⊕F2)
(111)
as desired.
Derivation of the numbered equalities in (111) follows:
(1) Follows from the Two-Sum Identity (58).
(2) Follows from (108).
(3) Follows from (50).

We may remark that in the Euclidean limit, when the radius c of the ball Rnc
tends to∞, the ball expands to the whole of its Euclidean n-space Rn, both Mo¨bius
addition ⊕ and coaddition ⊞ in the ball Rnc reduce to the common vector addition
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Figure 9. A and B are any two given distinct points of a Mo¨bius
gyrovector space (Rnc ,⊕,⊗). The gyroline that passes through the
points A,B ∈ Rnc is LAB (t), −∞ < t < ∞, and its corresponding
double-gyroline is 2⊗LAB (t), so that is passes through the points
2⊗A, 2⊗B ∈ Rnc . The latter turns out to be the Euclidean straight
line in the ball that passes through the points 2⊗A and 2⊗B.
Furthermore, the double-gyroline 2⊗LAB (t), parametrized by t,
is identical with the cogyrotranslation by A, A ⊞ LAB (2t), of its
gyroline, parametrized by 2t, as shown here for n = 2.
+ in the space Rn, and Identity (107) of Theorem 6 in the ball Rnc reduces to the
trivial identity in Rn,
(112) 2[A+ (−A+B)t] = A+ [A+ (−A+B)2t]
Thus, we see once again that in order to capture analogies with classical results,
both gyrogroup operation and cooperation must be considered.
Theorem 6 suggests the following definition:
Definition 7. (Mo¨bius double-gyroline). Let A,B ∈ Rnc be two distinct points
of a Mo¨bius gyrovector space (Rnc ,⊕,⊗), and let
(113) LAB (t) = A⊕(⊖A⊕B)⊗t
t ∈ R, be the gyroline that passes through these points. The Mo¨bius double-gyroline
PAB (t) of gyroline LAB (t) is the curve given by the equation
(114) PAB (t) = 2⊗LAB (t)
t ∈ R.
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Following Def. 7, the gyrovector space identity (107) of Theorem 6 states that
the double-gyroline of a given gyroline that passes through a point A in a Mo¨bius
gyrovector space coincides with the cogyrotranslation by A of the gyroline.
Remarkably, the double-gyroline of a given gyroline in a Mo¨bius gyrovector space
turns out to be the supporting chord of the gyroline, as shown in Fig. 9 and studied
in Sec. 11.
Identity (107) of Theorem 6 can be written, equivalently, as
(115) LAB(t) = 12⊗(A⊞ LAB (2t))
Let P (t) be a generic point on a gyroline LAB (t) for some value t of the gyroline
parameter t, so that P (0) = A and P (1) = A. Then, (115) implies the equation
(116) P (t) = 12⊗P (0)⊞ P (2t)
t ∈ R. Equation (116), in turn, demonstrates that any point P (t) of a gyroline
LAB (t) is the midpoint of the points P (0) = A and P (2t) of the gyroline, as ex-
plained in (64), p. 18.
11. Euclidean straight lines in Mo¨bius gyrovector spaces
Euclidean straight lines (lines, in short) appear naturally in Einstein gyrovector
space balls where they form gyrolines, as shown in Fig. 1. In this section we employ
the isomorphism (85) between Einstein and Mo¨bius gyrovector spaces for the task
of expressing lines in Mo¨bius gyrovector spaces.
Let A,B ∈ (Rnc ,⊕M ,⊗) be two distinct points of a Mo¨bius gyrovector space. We
know that the unique gyroline in an Einstein gyrovector spaces (Rnc ,⊕E ,⊗) that
passes through the points A,B ∈ Rnc is the set of point PAB (t) given by
(117) PAB (t) = A⊕
E
(⊖
E
A⊕
E
B)⊗t
t ∈ R. It is the intersection of a line and the ball Rnc , as shown in Fig. 1 for the
disc R2c . This line passes through the point A when t = 0 and through the point B
when t = 1.
Unlike Einstein gyrolines, which are line segments, Mo¨bius gyrolines are Eu-
clidean circular arcs that intersect the boundary of the ball Rnc orthogonally, as
shown in Fig. 7 for the disc R2c . In order to accomplish the task we face in this sec-
tion, in the following chain of equations (118) we express (117) in terms of Mo¨bius
addition⊕
M
rather than Einstein addition⊕
E
, noting that both Einstein andMo¨bius
scalar multiplication ⊗ are identically the same, as remarked in Sec. 8. Starting from
(117), we have the following chain of equations, which are numbered for subsequent
derivation:
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PAB (t)=== A⊕
E
(⊖
E
A⊕
E
B)⊗t
(1)︷︸︸︷
=== A⊕
E
((−A)⊕
E
B)⊗t
(2)︷︸︸︷
=== 2⊗{ 12⊗A⊕M
1
2⊗((−A)⊕EB)⊗t}
(3)︷︸︸︷
=== 12⊗A⊕M{((−A)⊕EB)⊗t⊕M
1
2⊗A}
(4)︷︸︸︷
=== 12⊗A⊕M{2⊗((−
1
2⊗A)⊕M
1
2B)⊗t⊕M
1
2⊗A}
(5)︷︸︸︷
=== 12⊗A⊕M{[(−
1
2⊗A)⊕M(B⊕M(−
1
2⊗A))]⊗t⊕M
1
2⊗A}
(6)︷︸︸︷
=== 12⊗A⊞M {
1
2⊗A⊕M [(−
1
2⊗A)⊕M(B⊕M(−
1
2⊗A))]⊗t}
(7)︷︸︸︷
=== 12⊗A⊞M {
1
2⊗A⊕M [⊖M
1
2⊗A⊕M(B⊖M
1
2⊗A)]⊗t}
(118)
Hence, by (118),
(119) PAB (t) = 12⊗A⊞M {
1
2⊗A⊕M [⊖M
1
2⊗A⊕M(B⊖M
1
2⊗A)]⊗t}
Derivation of the numbered equalities in (118) follows:
(1) Follows from the result that ⊖
E
A = −A (as well as ⊖
M
A = −A; see Item 7
below).
(2) Follows from isomorphism (85) between ⊕
E
and ⊕
M
, applying the isomor-
phism to the first ⊕
E
in (1).
(3) Follows from the Two-Sum Identity, (58).
(4) Again, follows from isomorphism (85) between ⊕
E
and ⊕
M
, as in Item 2,
now applying the isomorphism to the remaining ⊕
E
in (3).
(5) Again, follows from the gyrogroup Two-Sum Identity, as in Item 3.
(6) Follows from the gyrogroup identity (50),
(120) A⊕(B⊕A) = A⊞ (A⊕B)
(7) Follows from the result that ⊖
M
A = −A (as well as ⊖
E
A = −A; see Item 1
above).
In both (117) and (119), the set of points PAB (t), t ∈ R, forms a line in the ball
Rnc of the Mo¨bius gyrovector space (R
n
c ,⊕M ,⊗), where the points A and B lie. In
(117) this line is expressed in terms of operations of Einstein gyrovector spaces while
in (119) this line is expressed in terms of operations of Mo¨bius gyrovector spaces,
obtained by means of isomorphism (85) between Einstein and Mo¨bius gyrovector
spaces. By (119) we have the following theorem:
Theorem 8. Let A and B be two distinct points in a Mo¨bius gyrovector space
(Rnc ,⊕M ,⊗). The unique line that passes through these points, Fig. 11, is given by
34
the equation
(121) PAB (t) = 12⊗A⊞M {
1
2⊗A⊕M [⊖M
1
2⊗A⊕M(B⊖M
1
2⊗A)]⊗t}
LetA,B ∈ Rnc be any two distinct points in a Mo¨bius gyrovector space (R
n
c ,⊕M ,⊗),
and let L 1
2⊗A,B⊖
1
2⊗A
(t), t ∈ R, be the unique gyroline through the points 12⊗A
and B⊖ 12⊗A. Then, as shown in Fig. 7, the gyroline is given by the equation
(122) L 1
2⊗A,B⊖
1
2⊗A
(t) = 12⊗A⊕[⊖
1
2⊗A⊕(B⊖
1
2⊗A)]⊗t
so that (121) can be written as
(123) PAB (t) = 12⊗A⊞ L 1
2⊗A,B⊖
1
2⊗A
(t)
The line PAB (t) of Theorem 8 in (121) is recognized by means of (122) – (123) as
the cogyrotranslation by 12⊗A of the Mo¨bius gyroline (122) that passes through the
points 12⊗A and B⊖
1
2⊗A.
As shown in Fig. 12, the line PAB (t) is the supporting chord of the gyroline
L 1
2⊗A,B⊖
1
2⊗A
(t).
Let
C = 12⊗A
D = B⊖ 12A
(124)
Then, by the scalar associative law of gyrovector spaces and by the right cancel-
lation law (48), we have
A = 2⊗C
B = D ⊞ 12⊗A = D ⊞ C = C ⊞D
(125)
so that (123) can be written as
(126) P2⊗C,C⊞D = C ⊞ LCD (t)
thus leading to the following theorem:
Theorem 9. Let C,D ∈ Rnc be two distinct points in a Mo¨bius gyrovector space
(Rnc ,⊕M ,⊗), and let
(127) LCD(t) = C⊕(⊖C⊕D)⊗t
t ∈ R, be the gyroline that passes through the points C andD. Then, the supporting
chord of gyroline LCD (t) is the line given by the cogyrotranslation of the gyroline
by C,
(128) C ⊞ LCD(t)
Furthermore, the supporting chord passes through the points P1, P2, P3, Fig. 10,
where
P1 = C ⊞ C = 2⊗C
P2 = D ⊞D = 2⊗D
P3 = C ⊞D
(129)
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Figure 10. The Euclidean line PAB (t), −∞ < t < ∞, that
passes through the point A and B in a Mo¨bius gyrovector plane
(R2s,⊕,⊗) is shown along with ... TO BE COMPLETED
Let Q = ⊖
M
A⊕
M
B so that, by the gyrogroup left cancellation law, (23), A⊕
M
Q =
B. Restricting the line parameter t ∈ R to t ≥ 0, we obtain the Euclidean ray
(ray, in short) PAB (t), t ≥ 0. It is the ray with edge A that contains the point
A⊕
M
Q = B, which is the right gyrotranslation of A by Q. As such, it contains
the sequence of all successive right gyrotranslation of A by Q, that is, the sequence
P0 = A, P1 = A⊕MQ, P2 = (A⊕MQ)⊕MQ, P3 = ((A⊕MQ)⊕MQ)⊕MQ, etc, as shown
in Fig. 11.
The points Pk, k = 1, 2, 3, . . . lie on the ray PAB (t), t ≥ 0, as shown in Fig. 11,
and as observed in [63, Figs. 6.3-6.5]. Owing to the left loop property of gyrations
in gyrogroup Axiom (G5), we have
(130) gyr[⊖
M
A⊕
M
B,Pk] = gyr[⊖MA,B]
for all k = 0, 1, 2, 3, . . . . As an example, the proof of (130) for k = 0 and k = 1
follows:
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P0 = PAB (0) = A
P1 = PAB (1) = B
P2
P3
P4P5
Figure 11. The Euclidean ray PAB (t), t ≥ 0, with edge A
that passes through B in a Mo¨bius gyrovector plane (R2s,⊕M ,⊗) is
shown along with several points of the sequence of successive right
gyrotranslations of A by Q = ⊖A⊕
M
B that lies on the ray (see also
Fig. 6.4 in [63, p. 168]).
By the left loop property of gyrations and by the gyrogroup left cancellation law
(23) we have in any gyrogroup (G,⊕),
gyr[⊖A⊕B,P0] = gyr[⊖A⊕B,A]
= gyr[⊖A⊕B,A⊕(⊖A⊕B)]
= gyr[⊖A⊕B,B]
= gyr[⊖A,B]
(131)
and
gyr[⊖A⊕B,P1] = gyr[⊖A⊕B,A⊕Q]
= gyr[⊖A⊕B,A⊕(⊖A⊕B)]
= gyr[⊖A⊕B,B]
= gyr[⊖A,B]
(132)
The validity of (130) for all k = 0, 1, 2, 3, . . . suggests the conjecture that (130)
is valid not only for the points of the sequence {P0 = A,P1 = B,P2, P3, . . . } that
lie on the ray PAB (t), t ≥ 0, as shown in Fig. 11, but for all the points of the ray,
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−∞ < t <∞
Figure 12. The Euclidean straight line (line, in short)
PAB (t), −∞ < t < ∞, (123), that passes through the point A
and B in a Mo¨bius gyrovector plane (R2s,⊕,⊗) is shown. It is the
supporting chord of the gyroline that passes through the points 12A
and B⊖ 12A in the Mo¨bius gyrovector plane. The two endpoints of
both the line and the gyroline, corresponding to t → ±∞, are EA
and EB .
that is,
(133) gyr[⊖
M
A⊕
M
B,PAB (t)] = gyr[⊖
M
A,B]
for all t ≥ 0. Numerical experiments support the conjecture.
12. Euclidean Barycentric Coordinates
In order to set the stage for the introduction of hyperbolic barycentric coordi-
nates, we present here the notion of Euclidean barycentric coordinates that dates
back to Mo¨bius’ 1827 book titled “Der Barycentrische Calcul” (The Barycentric
Calculus). The word barycenter means center of gravity, but the book is entirely
geometrical and, hence, called by Jeremy Gray [22], Mo¨bius’s Geometrical Me-
chanics. The 1827 Mo¨bius book is best remembered for introducing a new system
of coordinates, the barycentric coordinates. The use of barycentric coordinates in
Euclidean geometry is described in [73, 72, 80], and the historical contribution of
Mo¨bius’ barycentric coordinates to vector analysis is described in [13, pp. 48–50].
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For any positive integer N , let mk ∈ R be N given real numbers such that
(134)
N∑
k=1
mk 6= 0
and let Ak ∈ R
n be N given points in the Euclidean n-space Rn, k = 1, . . . , N .
Then, by obvious algebra, the equation
(135)
N∑
k=1
mk
(
1
Ak
)
= m0
(
1
P
)
for the unknowns m0 ∈ R and P ∈ R
n possesses the unique solution given by
(136) m0 =
N∑
k=1
mk
and
(137) P =
∑N
k=1mkAk∑N
k=1mk
satisfying for all X ∈ Rn,
(138) X + P =
∑N
k=1mk(X +Ak)∑N
k=1mk
Following Mo¨bius, view (137) as the representation of a point P ∈ Rn in terms
of its barycentric coordinates mk, k = 1, . . . , N , with respect to the set of points
(139) S = {A1, . . . , AN}
Identity (138), then, insures that the barycentric coordinate representation (137) of
P with respect to the set S is covariant (or, invariant in form) in the following sense.
The point P and the points of the set S of its barycentric coordinate representation
vary together under translations. Indeed, a translation X + Ak of Ak by X , k =
1, . . . , N , on the right-hand side of (138) results in the translation X + P of P by
X on the left-hand side of (138).
In order to insure that barycentric coordinate representations with respect to a
set S are unique, we require the set S to be pointwise independent.
Definition 10. (Euclidean Pointwise Independence). A set S of N points,
S = {A1, . . . , AN}, in R
n, n ≥ 2, is pointwise independent if the N − 1 vectors
−A1 +Ak, k = 2, . . . , N , are linearly independent in R
n.
We are now in the position to present the formal definition of Euclidean barycen-
tric coordinates, as motivated by mass and center of momentum velocity of Newto-
nian particle systems.
Definition 11. (Barycentric Coordinates). Let
(140) S = {A1, . . . , AN}
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be a pointwise independent set of N points in Rn. The real numbers m1, . . . ,mN ,
satisfying
(141)
N∑
k=1
mk 6= 0
are barycentric coordinates of a point P ∈ Rn with respect to the set S if
(142) P =
∑N
k=1mkAk∑N
k=1mk
Barycentric coordinates are homogeneous in the sense that the barycentric co-
ordinates (m1, . . . ,mN) of the point P in (142) are equivalent to the barycentric
coordinates (λm1, . . . , λmN ) for any real nonzero number λ ∈ R, λ 6= 0. Since
in barycentric coordinates only ratios of coordinates are relevant, the barycentric
coordinates (m1, . . . ,mN ) are also written as (m1 : . . . :mN ).
Barycentric coordinates that are normalized by the condition
(143)
N∑
k=1
mk = 1
are called special barycentric coordinates.
Equation (142) is said to be the (unique) barycentric coordinate representation
of P with respect to the set S.
Theorem 12. (Covariance of Barycentric Coordinate Representations).
Let
(144) P =
∑N
k=1mkAk∑N
k=1mk
be the barycentric coordinate representation of a point P ∈ Rn in a Euclidean n-
space Rn with respect to a pointwise independent set S = {A1, . . . , AN} ⊂ R
n. The
barycentric coordinate representation (144) is covariant, that is,
(145) X + P =
∑N
k=1mk(X +Ak)∑N
k=1mk
for all X ∈ Rn, and
(146) RP =
∑N
k=1mkRAk∑N
k=1mk
for all R ∈ SO(n).
Proof. The proof is immediate, noting that rotations R ∈ SO(n) of Rn about its
origin are linear maps of Rn. 
Following the vision of Felix Klein in his Erlangen Program [41], it is owing to
the covariance with respect to translations and rotations that barycentric coordinate
representations possess geometric significance. Indeed, translations and rotations
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in Euclidean geometry form the group of motions of the geometry, and according
to Felix Klein’s Erlangen Program, a geometric property is a property that remains
invariant in form under the motions of the geometry.
13. Hyperbolic Barycentric, Gyrobarycentric, Coordinates
Guided by analogies with Sec. 12, in this section we introduce barycentric coor-
dinates into hyperbolic geometry [71, 72, 73].
Definition 13. (Hyperbolic Pointwise Independence). A set S of N points
S = {A1, . . . , AN} in the ball R
n
s , n ≥ 2, is pointwise independent if the N − 1
gyrovectors in Rns , ⊖A1⊕Ak, k = 2, . . . , N , considered as vectors in R
n ⊃ Rns , are
linearly independent.
We are now in the position to present the formal definition of gyrobarycentric
coordinates, that is, hyperbolic barycentric coordinates, as motivated by the notions
of relativistic mass and center of momentum velocity in Einstein’s special relativity
theory. Gyrobarycentric coordinates, fully analogous to barycentric coordinates,
thus emerge whem Einstein’s relativistic mass meets the hyperbolic geometry of
Bolyai and Lobachevsky [74].
Definition 14. (Gyrobarycentric Coordinates). Let
(147) S = {A1, . . . , AN}
be a pointwise independent set of N points in Rns . The real numbers m1, . . . ,mN ,
satisfying
(148)
N∑
k=1
mkγAk > 0
are gyrobarycentric coordinates of a point P ∈ Rns with respect to the set S if
(149) P =
∑N
k=1mkγAkAk∑N
k=1mkγAk
Gyrobarycentric coordinates are homogeneous in the sense that the gyrobarycentric
coordinates (m1, . . . ,mN ) of the point P in (149) are equivalent to the gyrobarycen-
tric coordinates (λm1, . . . , λmN ) for any real nonzero number λ ∈ R, λ 6= 0. Since
in gyrobarycentric coordinates only ratios of coordinates are relevant, the gyro-
barycentric coordinates (m1, . . . ,mN ) are also written as (m1 : . . . :mN ).
Gyrobarycentric coordinates that are normalized by the condition
(150)
N∑
k=1
mk = 1
are called special gyrobarycentric coordinates.
Equation (149) is said to be the gyrobarycentric coordinate representation of P
with respect to the set S.
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Finally, the constant of the gyrobarycentric coordinate representation of P in
(149) is m0 > 0, given by
(151) m0 =
√√√√√√
(
N∑
k=1
mk
)2
+ 2
N∑
j,k=1
j<k
mjmk(γ⊖Aj⊕Ak − 1)
Theorem 15. (Gyrocovariance of Gyrobarycentric Coordinate Represen-
tations). Let
(152a) P =
∑N
k=1mkγAkAk∑N
k=1mkγAk
be a gyrobarycentric coordinate representation of a point P ∈ Rns in an Ein-
stein gyrovector space (Rns ,⊕,⊗) with respect to a pointwise independent set S =
{A1, . . . , AN} ⊂ R
n
s .
Then
(152b) γP =
∑N
k=1mkγAk
m0
and
(152c) γP P =
∑N
k=1mkγAkAk
m0
where m0 > 0 is the constant of the gyrobarycentric coordinate representation
(152a) of P , given by
(152d) m0 =
√√√√√√
(
N∑
k=1
mk
)2
+ 2
N∑
j,k=1
j<k
mjmk(γ⊖Aj⊕Ak − 1)
Furthermore, the gyrobarycentric coordinate representation (152a) and its asso-
ciated identities in (152b) – (152d) are gyrocovariant, that is,
(153a) X⊕P =
∑N
k=1mkγX⊕Ak(X⊕Ak)∑N
k=1mkγX⊕Ak
(153b) γX⊕P =
∑N
k=1mkγX⊕Ak
m0
(153c) γX⊕P (X⊕P ) =
∑N
k=1mkγX⊕Ak(X⊕Ak)
m0
(153d) m0 =
√√√√√√
(
N∑
k=1
mk
)2
+ 2
N∑
j,k=1
j<k
mjmk(γ⊖(X⊕Aj)⊕(X⊕Ak) − 1)
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for all X ∈ Rns , and
(154a) RP =
∑N
k=1mkγRAkRAk∑N
k=1mkγRAk
(154b) γRP =
∑N
k=1mkγRAk
m0
(154c) γRP (RP ) =
∑N
k=1mkγRAk(RAk)
m0
(154d) m0 =
√√√√√√
(
N∑
k=1
mk
)2
+ 2
N∑
j,k=1
j<k
mjmk(γ⊖(RAj)⊕(RAk) − 1)
for all R ∈ SO(n).
The proof of Theorem 15 is presented in [72, Theorem 4.4] and [73, Theorem
4.6].
Theorem 16. It is assumed in Theorem 15 that the point P in (149) lies inside
the ball Rns , implying that m
2
0 > 0 and that the gamma factor γP of P is a real
number. The constant m0 of a gyrobarycentric coordinate representation (149) of
a point P determines whether P lies inside the ball Rns .
If the coefficients mk, k = 1, . . . , N , in the gyrobarycentric coordinate repre-
sentation (149) of P are all positive or all negative, then the point P lies in the
convex span of the points of the set S, that is, P lies inside the (N−1)-gyrosimplex
A1 . . . AN . This gyrosimplex, in turn, lies inside the ball R
n
s .
(1) The point P lies inside the (N − 1)-gyrosimplex A1 . . . AN if and only if the
coefficients mk, k = 1, . . . , N , of its gyrobarycentric coordinate representa-
tion (152a) are all positive or all negative. Clearly, in this case m20 > 0.
Otherwise, when all the coefficientsmk are nonzero but do not have the same sign,
the location of P has the following three possibilities that correspond to whether
the gamma factor (152b) of P is real, infinity, or imaginary:
(2) The point P does not lie inside the (N − 1)-gyrosimplex A1 . . . AN , but it
lies inside the ball Rns . In this case the gamma factor γP of P is a real
number and, hence, m20 > 0.
(3) The point P lies on the boundary of the ball Rns if and only if the gamma
factor γP of P is undefined, γP =∞, so that m
2
0 = 0.
(4) The point P∈Rn does not lie in the ball Rns or on its boundary if and only
if the gamma factor γP of P is purely imaginary, so that m
2
0 < 0.
Examples for the use of gyrobarycentric coordinates for the determination of
several hyperbolic triangle centers are found in [72, 73].
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Employing the technique of gyrobarycentric coordinate representations, we will
now determine the end points EA and EB of a gyroline LAB (t) in an Einstein
gyrovector space (Rns ,⊕,⊗), shown in Fig. 1, p. 17.
Let A1, A2 ∈ R
n
s be two distinct points of an Einstein gyrovector space (R
n
c ,⊕,⊗),
and let P be a generic point on the gyroline, (117),
(155) P12(t) = A1⊕(⊖EA1⊕A2)⊗t
t ∈ R, that passes through these two points. Furthermore, let
(156) P =
m1γA1A1 +m2γA2A2
m1γA1 +m2γA2
be the gyrobarycentric coordinate representation of P with respect to the point-
wise independent set S = {A1, A2}, where the gyrobarycentric coordinates m1 and
m2 are to be determined. Owing to the homogeneity of gyrobarycentric coordi-
nates, we can select m2 = −1, obtaining from (156) the gyrobarycentric coordinate
representation
(157) P =
mγA1A1 − γA2A2
mγA1 − γA2
According to Def. 13 of the gyrobarycentric coordinate representation of P in
(149) and its constant m0 in (151), the constant m0 of the gyrobarycentric coordi-
nate representation of P satisfies the equation
m20 = m
2
1 +m
2
2 + 2m1m2γ⊖A1⊕A2
= m2 + 1 + 2mγ12
(158)
where we use the convenient notation
aij = ⊖Ai⊕Aj
γij = γaij
(159)
i, j ∈ N.
As remarked in Item (3) of Remark 16, the point P lies on the boundary of the
ball Rns if and only if m0 = 0, that is by (158), if and only if
(160) m2 − 2mγ12 + 1 = 0
The two solutions of (160) are
m = γ12 +
√
γ212 − 1
m = γ12 −
√
γ212 − 1
(161)
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The substitution into (157) of each of the two solutions (161) gives the two
endpoints EA1 and EA2 of the gyroline P12(t) in (155),
EA1 =
(γ12 +
√
γ212 − 1)γA1A1 − γA2A2
(γ12 +
√
γ212 − 1)γA1 − γA2
EA2 =
(γ12 −
√
γ212 − 1)γA1A1 − γA2A2
(γ12 −
√
γ212 − 1)γA1 − γA2
(162)
which are shown in Fig. 1, p. 17, for A1 = A and A2 = B.
The expressions for ⊖A1⊕EA1 and ⊖A1⊕EA2 that follow from (162) by means of
the gyrocovariance identity (153a) in Theorem 15 are particularly elegant. Indeed,
by the gyrocovariance identity (153a) with X = ⊖A1, applied to each of the two
equations in (162), we have
⊖A1⊕EA1 =
(γ12 +
√
γ212 − 1)γ⊖A1⊕A1(⊖A1⊕A1)− γ⊖A1⊕A2(⊖A1⊕A2)
(γ12 +
√
γ212 − 1)γ⊖A1⊕A1 − γ⊖A1⊕A2
=
−γ12a12
(γ12 +
√
γ212 − 1)− γ12
= ⊖
γ12a12√
γ212 − 1
⊖A1⊕EA2 =
γ12a12√
γ212 − 1
(163)
where we use the notation (159), noting that ⊖A1⊕A1 = 0 and γ⊖A1⊕A1 = γ0 = 1.
The equations in (163) imply, by means of the left cancellation law (23),
EA1 = A1⊖
γ12a12√
γ212 − 1
EA2 = A1⊕
γ12a12√
γ212 − 1
(164)
Interestingly, (164) remains invariant in form under the isomorphism (85), as
seen from (90). Accordingly, the equations in (164) with ⊕ = ⊕
E
being Einstein
addition are used in calculating the endpoints of an Einstein gyroline in Fig. 1,
p. 17, and the same equations (164), but with ⊕ = ⊕
M
being Mo¨bius addition are
used in calculating the endpoints of a Mo¨bius gyroline in Fig. 7, p. 24.
In Fig. 9, p. 31, the points A,B ∈ (R2c ,⊕M ,⊗) of a Mo¨bius gyrovector plane are
shown along with their respective isomorphic images 2⊗A, 2⊗B ∈ (R2c ,⊕E ,⊗) of an
Einstein gyrovector plane, under the isomorphism (86). Indeed, as expected, Fig. 9
indicates that the endpoints EA and EB of
(1) the Mo¨bius gyroline (a circular arc) through the points A and B, and of
(2) the Einstein gyroline (a chord) through the points 2⊗A and 2⊗B,
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are coincident.
This Chapter appears in [75].
References
[1] Lars V. Ahlfors. Conformal invariants: topics in geometric function theory. McGraw-Hill
Book Co., New York, 1973. McGraw-Hill Series in Higher Mathematics.
[2] Lars V. Ahlfors. Mo¨bius transformations in several dimensions. University of Minnesota
School of Mathematics, Minneapolis, Minn., 1981.
[3] Lars V. Ahlfors. Old and new in Mo¨bius groups. Ann. Acad. Sci. Fenn. Ser. A I Math.,
9:93–105, 1984.
[4] J.F. Barrett. hyperbolic geometry in special relativity. In Recent Advances in Relativity The-
ory. Proceedings, M.C. Duffy and M.T. Wegener, eds., pages 27–34. Hadronic Press, Palm
Harbor, FL, US, 2000.
[5] Lanfranco Belloni and Cesare Reina. Sommerfeld’s way to the thomas precession. European
J. Phys., 7:55–61, 1986.
[6] Emile Borel. Introduction Ge´ome´trique a Quelques The´ories Physiques. Gauthier-Villars,
Paris, 1914.
[7] C. Andreian Cazacu, Olli E. Lehto, and Th. M. Rassias. Analysis and Topology. World Sci.
Publishing, Singapore, New Jersey, London, 1998.
[8] Jing-Ling Chen and Abraham A. Ungar. The Bloch gyrovector. Found. Phys., 32(4):531–565,
2002.
[9] M. Chrysos. The non-intuitive 1
2
thomas factor: a heuristic argument with classical electro-
magnetism. European J. Phys., 27(1):1–4, 2006.
[10] H. S. M. Coxeter. Regular polytopes. Dover Publications Inc., New York, third edition, 1973.
[11] H. S. M. Coxeter and S. L. Greitzer. Geometry revisited. Math. Assoc. Amer., New York,
1967.
[12] Mircea Craioveanu, Mircea Puta, and Themistocles M. Rassias. Old and new aspects in spec-
tral geometry, volume 534 of Mathematics and its Applications. Kluwer Academic Publishers,
Dordrecht, 2001.
[13] Michael J. Crowe. A history of vector analysis. Dover Publications Inc., New York, 1994. The
evolution of the idea of a vectorial system, Corrected reprint of the 1985 edition.
[14] A. S. Eddington. The Mathematical Theory of Relativity. Cambridge, 1924.
[15] Albert Einstein. Zur Elektrodynamik Bewegter Ko¨rper [on the electrodynamics
of moving bodies] (We use the English translation in [16] or in [36], or in
http://www.fourmilab.ch/etexts/einstein/specrel/www/). Ann. Physik (Leipzig), 17:891–
921, 1905.
[16] Albert Einstein. Einstein’s Miraculous Years: Five Papers that Changed the Face of Physics.
Princeton, Princeton, NJ, 1998. Edited and introduced by John Stachel. Includes biblio-
graphical references. Einstein’s dissertation on the determination of molecular dimensions –
Einstein on Brownian motion – Einstein on the theory of relativity – Einstein’s early work on
the quantum hypothesis. A new English translation of Einstein’s 1905 paper on pp. 123–160.
[17] Toma´s Feder. Strong near subgroups and left gyrogroups. J. Algebra, 259(1):177–190, 2003.
[18] V. Fock. The theory of space, time and gravitation. The Macmillan Co., New York, 1964.
Second revised edition. Translated from the Russian by N. Kemmer. A Pergamon Press Book.
[19] Tuval Foguel and Abraham A. Ungar. Involutory decomposition of groups into twisted sub-
groups and subgroups. J. Group Theory, 3(1):27–46, 2000.
[20] Tuval Foguel and Abraham A. Ungar. Gyrogroups and the decomposition of groups into
twisted subgroups and subgroups. Pac. J. Math, 197(1):1–11, 2001.
[21] Kazimierz Goebel and Simeon Reich. Uniform convexity, hyperbolic geometry, and nonexpan-
sive mappings, volume 83 of Monographs and Textbooks in Pure and Applied Mathematics.
Marcel Dekker Inc., New York, 1984.
[22] Jeremy Gray. Mo¨bius’s geometrical Mechanics. 1993. In John Fauvel, Raymond Flood, and
Robin Wilson, eds. Mo¨bius and his band, Mathematics and astronomy in nineteenth-century
Germany, The Clarendon Press Oxford University Press, New York, 1993, 78–103.
46
[23] Hiroshi Haruki and Themistocles M. Rassias. A new invariant characteristic property of
Mo¨bius transformations from the standpoint of conformal mapping. J. Math. Anal. Appl.,
181(2):320–327, 1994.
[24] Hiroshi Haruki and Themistocles M. Rassias. A new characteristic of Mo¨bius transformations
by use of Apollonius points of triangles. J. Math. Anal. Appl., 197(1):14–22, 1996.
[25] Hiroshi Haruki and Themistocles M. Rassias. A new characteristic of Mo¨bius transformations
by use of Apollonius quadrilaterals. Proc. Amer. Math. Soc., 126(10):2857–2861, 1998.
[26] Hiroshi Haruki and Themistocles M. Rassias. A new characterization of Mo¨bius transforma-
tions by use of Apollonius hexagons. Proc. Amer. Math. Soc., 128(7):2105–2109, 2000.
[27] A. Nourou Issa. Gyrogroups and homogeneous loops. Rep. Math. Phys., 44(3):345–358, 1999.
[28] A. Nourou Issa. Left distributive quasigroups and gyrogroups. J. Math. Sci. Univ. Tokyo,
8(1):1–16, 2001.
[29] M. Jonson, Rickard. Gyroscope precession in special and general relativity from basic princi-
ples. Amer. J. Phys., 75(5):463–471, 2007.
[30] Azniv K. Kasparian and Abraham A. Ungar. Lie gyrovector spaces. J. Geom. Symm. Phys.,
1(1):3–53, 2004.
[31] Michihiko Kikkawa. Geometry of homogeneous Lie loops. Hiroshima Math. J., 5(2):141–179,
1975.
[32] Michihiko Kikkawa. Geometry of homogeneous left Lie loops and tangent Lie triple algebras.
Mem. Fac. Sci. Eng. Shimane Univ. Ser. B Math. Sci., 32:57–68, 1999.
[33] Hans-Joachim Kowalsky. Lineare Algebra. Walter de Gruyter, Berlin-New York, 1977. Achte
Auflage, de Gruyter Lehrbuch.
[34] Steven G. Krantz. Complex analysis: the geometric viewpoint. Mathematical Association of
America, Washington, DC, 1990.
[35] Eugene Kuznetsov. Gyrogroups and left gyrogroups as transversals of a special kind. Algebra
Discrete Math., (3):54–81, 2003.
[36] H. A. Lorentz, A. Einstein, H. Minkowski, and H. Weyl. The principle of relativity. Dover
Publications Inc., New York, N. Y., undated. With notes by A. Sommerfeld, Translated by
W. Perrett and G. B. Jeffery, A collection of original memoirs on the special and general
theory of relativity.
[37] Jerrold E. Marsden. Elementary classical analysis. W. H. Freeman and Co., San Francisco,
1974. With the assistance of Michael Buchner, Amy Erickson, Adam Hausknecht, Dennis
Heifetz, Janet Macrae and William Wilson, and with contributions by Paul Chernoff, Istva´n
Fa´ry and Robert Gulliver.
[38] John McCleary. Geometry from a differentiable viewpoint. Cambridge University Press, Cam-
bridge, 1994.
[39] Arthur I. Miller. Albert Einstein’s special theory of relativity. Springer-Verlag, New York,
1998. Emergence (1905) and early interpretation (1905–11), Includes a translation by the
author of Einstein’s “On the electrodynamics of moving bodies”, Reprint of the 1981 edition.
[40] C. Møller. The theory of relativity. Oxford, at the Clarendon Press, 1952.
[41] David Mumford, Caroline Series, and David Wright. Indra’s pearls: The vision of Felix Klein.
Cambridge University Press, New York, 2002.
[42] A. Pra´staro and Th.M. Rassias. Geometry of partial differential equations. World Scientific
Publishing Co. Inc., London, New Jersey, 1994.
[43] Th. M. Rassias. Book Review: Analytic Hyperbolic Geometry and Albert Einstein’s Special
Theory of Relativity, by Abraham A. Ungar. Nonlinear Funct. Anal. Appl., 13(1):167–177,
2008.
[44] Th. M. Rassias. Book Review: A gyrovector space approach to hyperbolic geometry, by Abra-
ham A. Ungar. J. Geom. Symm. Phys., 18:93–106, 2010.
[45] Th.M. Rassias. Constantin Caratheodory: An International Tribute (in two volumes). World
Sci. Publishing, Singapore, New Jersey, London, 1991.
[46] Th.M. Rassias. The problem of plateau. World Scientific Publishing Co. Inc., London, New
Jersey, 1992.
[47] Th.M. Rassias. Inner product spaces and applications. 1997. Addison Wesley Longman, Pit-
man Research Notes in Mathematics Series, No. 376, Harlo, Essex.
47
[48] Th.M. Rassias and H.M. Srivastava. Analysis, Geometry and Groups: A Riemann Legacy
Volume (in two volumes). Hadronic Press Inc., Florida, 1993.
[49] John G. Ratcliffe. Foundations of hyperbolic manifolds, volume 149 of Graduate Texts in
Mathematics. Springer-Verlag, New York, 1994.
[50] Roman U. Sexl and Helmuth K. Urbantke. Relativity, groups, particles. Springer Physics.
Springer-Verlag, Vienna, 2001. Special relativity and relativistic symmetry in field and particle
physics, Revised and translated from the third German (1992) edition by Urbantke.
[51] L. Silberstein. The Theory of Relativity. MacMillan, London, 1914.
[52] J.J. Stachel. History of relativity. In Twentieth century physics. Vol. I, pages 249–356. Pub-
lished jointly by the Institute of Physics Publishing, Bristol, 1995. eds: Brown, Laurie M. and
Pais, Abraham and Pippard, Brian.
[53] John Stillwell. Sources of hyperbolic geometry. American Mathematical Society, Providence,
RI, 1996. Pages 10 and 35.
[54] Llewellyn H. Thomas. The motion of the spinning electron. Nature, 117:514, 1926.
[55] Abraham A. Ungar. Thomas rotation and the parametrization of the Lorentz transformation
group. Found. Phys. Lett., 1(1):57–89, 1988.
[56] Abraham A. Ungar. Quasidirect product groups and the Lorentz transformation group. In
Th.M. Rassias (ed.): Constantin Carathe´odory: an international tribute, Vol. I, II, pages
1378–1392. World Sci. Publishing, Teaneck, NJ, 1991.
[57] Abraham A. Ungar. Thomas precession and its associated grouplike structure. Amer. J. Phys.,
59(9):824–834, 1991.
[58] Abraham A. Ungar. The abstract Lorentz transformation group. Amer. J. Phys., 60(9):815–
828, 1992.
[59] Abraham A. Ungar. Thomas precession: its underlying gyrogroup axioms and their use in
hyperbolic geometry and relativistic physics. Found. Phys., 27(6):881–951, 1997.
[60] Abraham A. Ungar. The hyperbolic Pythagorean theorem in the Poincare´ disc model of
hyperbolic geometry. Amer. Math. Monthly, 106(8):759–763, 1999.
[61] Abraham A. Ungar. Gyrovector spaces in the service of hyperbolic geometry. In Th.M. Rassias
(ed.): Mathematical analysis and applications, pages 305–360. Hadronic Press, Palm Harbor,
FL, 2000.
[62] Abraham A. Ungar. Mo¨bius transformations of the ball, Ahlfors’ rotation and gyrovector
spaces. In Th.M. Rassias (ed.): Nonlinear analysis in geometry and topology, pages 241–287.
Hadronic Press, Palm Harbor, FL, 2000.
[63] Abraham A. Ungar. Beyond the Einstein addition law and its gyroscopic Thomas precession:
The theory of gyrogroups and gyrovector spaces, volume 117 of Fundamental Theories of
Physics. Kluwer Academic Publishers Group, Dordrecht, 2001.
[64] Abraham A. Ungar. On the unification of hyperbolic and Euclidean geometry. Complex Var.
Theory Appl., 49(3):197–213, 2004.
[65] Abraham A. Ungar. Analytic hyperbolic geometry: Mathematical foundations and applica-
tions. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.
[66] Abraham A. Ungar. Gyrovector spaces and their differential geometry. Nonlinear Funct. Anal.
Appl., 10(5):791–834, 2005.
[67] Abraham A. Ungar. Thomas precession: a kinematic effect of the algebra of Einstein’s ve-
locity addition law. Comments on: “Deriving relativistic momentum and energy. II. Three-
dimensional case” [European J. Phys. 26 (2005), no. 5, 851–856; mr2227176] by S. Sonego
and M. Pin. European J. Phys., 27(3):L17–L20, 2006.
[68] Abraham A. Ungar. Analytic hyperbolic geometry and Albert Einstein’s special theory of
relativity. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2008.
[69] Abraham A. Ungar. From Mo¨bius to gyrogroups. Amer. Math. Monthly, 115(2):138–144,
2008.
[70] Abraham A. Ungar. A gyrovector space approach to hyperbolic geometry. Morgan & Claypool
Pub., San Rafael, California, 2009.
[71] Abraham A. Ungar. Hyperbolic barycentric coordinates. Aust. J. Math. Anal. Appl., 6(1):1–
35, 2009.
[72] Abraham A. Ungar. Barycentric calculus in Euclidean and hyperbolic geometry: A compar-
ative introduction. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2010.
48
[73] Abraham A. Ungar. Hyperbolic triangle centers: The special relativistic approach. Springer-
Verlag, New York, 2010.
[74] Abraham A. Ungar. When relativistic mass meets hyperbolic geometry. Commun. Math.
Anal., 10(1):30–56, 2011.
[75] Abraham Albert Ungar. Mo¨bius transformation and Einstein velocity addition in the hy-
perbolic geometry of Bolyai and Lobachevsky. In Nonlinear analysis, volume 68 of Springer
Optim. Appl., pages 721–770. Springer, New York, 2012.
[76] J. Vermeer. A geometric interpretation of Ungar’s addition and of gyration in the hyperbolic
plane. Topology Appl., 152(3):226–242, 2005.
[77] Scott Walter. The non-Euclidean style of Minkowskian relativity. In J. J. Gray, editor, The
symbolic universe: Geometry and physics 1890–1930, pages 91–127. Oxford Univ. Press, New
York, 1999.
[78] Scott Walter. Book Review: Beyond the Einstein Addition Law and its Gyroscopic Thomas
Precession: The Theory of Gyrogroups and Gyrovector Spaces, by Abraham A. Ungar. Found.
Phys., 32(2):327–330, 2002.
[79] Edmund Taylor Whittaker. From Euclid to Eddington. A Study of Conceptions of the Exter-
nal World. Cambridge University Press, 1949.
[80] Paul Yiu. The uses of homogeneous barycentric coordinates in plane Euclidean geometry.
Internat. J. Math. Ed. Sci. Tech., 31(4):569–578, 2000.
